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ABSTRACT. Based on an explicit description of the idealization of a graded
submodule of a graded free module, we examine the behaviour of Grébner
bases and minimal homogeneous systems of generators under this process.
Then we show how one can idealize a homogeneous presentation. Using this
theory, we present a unified description of several strategies for computing
minimal homogeneous presentations and minimal graded free resolutions, in
particular of the vertical and horizontal strategies. We obtain at a simple and
compact algorithm for computing minimal graded free resolutions degree-by-
degree which lends itself well to further optimizations.

1. INTRODUCTION

One of the central and notoriously difficult tasks in Computational Commuta-
tive Algebra is the computation of a minimal graded free resolution of a finitely
generated graded module. The implementators of the major computer algebra
systems spent considerable energy on this problem and produced a number of dif-
ferent strategies for achieving an efficient solution (see for instance [2], [6], [3],
[10] and [12]). Since the efficiency of a particular strategy strongly depends on
the nature of the examples to which it is applied, it has proven difficult to deter-
mine an optimal strategy. Furthermore, inspired by the actual implementation,
the mathematical description of these strategies frequently uses specially adapted
terminologies. This fact makes it hard to compare the various approaches.

In this paper we propose a unified framework for treating algorithms which com-
pute minimal homogeneous presentations or minimal graded free resolutions. It is
based on the notion of the idealization of a module. In commutative algebra ideal-
izations were first used by M. Nagata in [11]. In other areas of mathematics they are
known under different names, e.g. one-point-extensions. The basic idea is to con-
struct a ring which contains a given module as an ideal. In this way computations
for the module become computations for that ideal. In our case we follow an idea
pioneered in [1] and [6]: we idealize not only the module under consideration but
also the graded free modules appearing in its minimal homogeneous presentation
or its minimal graded free resolution. Thus the computation of the minimal graded
free resolution becomes a Grobner basis computation in a large polynomial ring.
Different strategies for computing resolutions turn out to be nothing but different
selection strategies for that Grobner basis computation.

Besides being able to unify and explain several approaches we will also formulate
our own version of the “horizontal” (i.e. degree-by-degree) strategy for computing
minimal homogeneous presentations or minimal graded free resolutions. With this
algorithm we obtain a simplicity and compactness which is a good basis for efficient
implementations.
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Now we describe the contents of the paper in more detail. In the second sec-
tion we recall the construction of the idealization of a module and apply it to the
cases of graded free modules and their graded submodules. After finding an ex-
plicit description of the ideal representing the idealization of the module, we study
the connections between Grobner bases and minimal systems of generators of the
module and its idealization ideal.

In Section 3 we proceeed to idealize the entire minimal homogeneous presentation
of the module. The ideal representing this idealization is shown to contain both the
minimal homogeneous system of generators of the module and (via an elimination
process) the module of its syzygies. Then we use this description in Section 4 to
compute minimal homogeneous presentations. We present two strategies for this
purpose: the vertical and the horizontal strategy. The vertical strategy proceeds
by first computing the minimal homogeneous system of generators of the module
and then the minimal homogeneous system of generators of its syzygy module. The
horizontal strategy computes both systems simultaneously and proceeds degree-by-
degree.

Both the vertical and the horizontal strategy can be generalized to compute the
minimal graded free resolution of the module. This is done in the last section where
we obtain algorithms which lend themselves well to further study and optimization.
To keep the paper uniform and accessible, we have adhered to the definitions and
notation in our book [7] and in the foundational paper [9]. Explicit computations
of examples for the algorithms introduced here are contained in [8].

2. IDEALIZATION OF GRADED MODULES

Let us begin by defining the idealization of a module and collecting some basic
properties of this process.

Definition 2.1. Let R be a ring and M an R-module. We equip the product set
R x M with two operations. The addition + : (Rx M) x (Rx M) — Rx M is given
by (r,m)+(r',m’) = (r+7’, m+m’) and the multiplication - : (RxM)x(RxM) —
R x M is given by (r,m)-(r',m') = (rr',rm’+7'm) for r,' € R and m,m' € M. In
this way, the set R x M becomes a commutative ring with identity element (1,0).
We call this ring the idealization of M and denote it by R x M.

The ring R x M is an R-algebra via the ring homomorphism R — R x M given
by r — (r,0). The canonical map ¢ : M — R x M defined by (m) = (0,m) is
injective and R-linear. Its image is an ideal in R x M. We shall denote this ideal
by «(M) and identify the elements of M with their images under .

Remark 2.2. Let R be a ring and M an R-module.

a) The ideal 2(M) satisfies +(M)? = 0.

b) Given an R-submodule N C M, the inclusion R x N C R x M defines an
injective ring homomorphism R X N — R x M. The image of N in R x M is
an ideal which is contained in the ideal o(M).

¢) Let T be a monoid, let R be I'-graded, and let M be a I'-graded R-module.
Then Rx M is a I'-graded ring via (Rx M), = R, x M, for all v € T, and (M)
is a homogeneous ideal in this ring.
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In the sequel we want to study the idealization of a graded submodule of a graded
free module. In the remainder of this paper we use the following setting. Let K
be a field, and let the polynomial ring P = K|z, ..., z,] be positively graded by a
matrix W € Mat,, ,(Z). Thus P is equipped with a Z™ grading such that 1 € P,
the indeterminate z; is homogeneous, and the degree of z; (given by the i** column
of W) is lexicographically positive.

Furthermore, let do1,...,dor € Z™, let Fy = ®I_; P(—dp;), and let M be a
graded submodule of Fy. The canonical basis vectors of Fy will be denoted by
€1,...,er. By considering ej,...,e, as indeterminates, we form the polynomial
ring P = K[x1,...,2n,€1,...,¢6,] = Ple1,...,e.]. We equip P with the grading
given by W = (W | do1 -+ do,) € Maty, pir(Z). Avectorv = fres+---+fre, € Fy
will be identified with the corresponding polynomial in P.

Moreover, we let e be the ideal generated by E = {e;je; |1 <i < j <r}in P,
and let £ be the tuple

—=r(r+1)/2
E = (ere1,€169,...,€1€,,62€,€2€3,...,€2€p,...,6r€.) E P

In this situation we can represent the idealization of M as follows.

Proposition 2.3. (Idealization of a Graded Submodule)
Let V = (v1,...,vs) be a tuple of homogeneous vectors which generate M.

a) The map ¢ : P x Fy — P/e which sends (f,(g1,-..,g-)) to the residue class
of f +qre1 + -+ + gre, is an isomorphism of graded rings.

b) Under the composition M —— P x M — P x F, Lﬁ/e, the module M is
identified with the residue class ideal of Iny = (v1,...,vs) +¢ C P.

Proof. First we prove a). Since ¢ is obviously R-linear, we check that ¢ is compat-
ible with multiplication. Let (f, (g1,...,9-)) and (f’,(¢},.-.,g.)) be two elements
of R x M. Computing modulo ¢, we get

o((fi(g1s---r90)) - (f5 (g1 590)) = p((f s (fgr + flgrs oo far 4 f1ar))
= ff'+a+ Fader+-+(fg. + fg)er
= (f+gier+-+grer) - (f +dier +--- +grer)
= o((f,(g915--592)) - o((f's (g1, -+ 9)))

Since ¢ is clearly both injective and surjective, it remains to show that ¢ is ho-
mogeneous. The monomial ideal e is homogeneous. Given a homogeneous element
(f,(g1,---,9r)) of Rx M, the residue class of f + gi1e; + - -+ + g€, is homogeneous
of the same degree. Therefore ¢ is a homomorphism of graded rings.

To prove b), we combine the descriptions of the maps in Definition 2.1.b, Re-
mark 2.2.b, and part a). For i = 1,...,s, we see that v; is mapped to the residue
class v; + ¢ by the composition. Hence the claim follows. O

Definition 2.4. In the above setting, the ideal Ip; = (v1,...,vs) + ¢ of P is called
the idealization ideal, or simply the ideal of M.

Grobner bases of graded submodules and Grébner bases of their ideals are related
as follows. A module term ordering o on T"(ey, ..., e,) is called compatible with
a term ordering 7 on T™ if ¢ >, t' implies te; >, t'e; for all ¢,t' € T" and 7 €
{1,...,7}. We shall say that a term ordering & on T(z1,...,Zy,€1,...,¢,) extends
both ¢ and 7 if the restriction of @ to T™ is 7 and its restriction to T"(eq,...,e,)
is o.
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Proposition 2.5. (Grébner Bases and Idealization)

Let Iy C P be the ideal of M. Furthermore, let T be a term ordering on T%, let o
be a module term ordering on T"™(e1,. .., e,) which is compatible with T, and let &
be a term ordering on T(x1,...,Zn,€1,...,¢€.) which extends both o and T.

a) Let G be a o-Gréobner basis of M. Then GU E is a G-Gréobner basis of Iny.
b) Let G be the reduced o-Grébner basis of M. Then the reduced &-Grébner basis
of Ing is GU{esej € E | e;,e; ¢ LT5(M)}.

Proof. To prove a), we let G = {g1,...,9s} and f € Ij;. By subtracting suitable
multiples of polynomials e;e;, we see that we may reduce f to the form h = hg +
hier + -+ + hye, with hg,...,h,. € P. Since I is contained in (ey,...,e,), we
have hy = 0. The polynomial h = hye; + - -- + he, € I is linear in eq,...,e,.. The
only generators of Ip; which are linear in eq,...,e, are vy,...,vs. Hence h is a
P-linear combination of those generators. Thus we have (hq,...,h,) € (v1,...,0s)
and LT, ((h1,...,h,)) =t LT;(g;) for some ¢ € T™ and ¢ € {1,...,s'}. Since the
term ordering & extends o, we get LT(h) =t LT#(g;). Therefore we can reduce h
by G. After several such reduction steps we eventually get zero, because G is a
o-Grobner basis of M. Altogether, the polynomial f reduces to zero using G U E.

To show claim b), we let G be the reduced &-Gribner basis of Ij,. Since we have
eie; € Ing, we know e;e; € LTw(Iyy) for all 1 < ¢ < j < r. Now it follows from the
additional condition e;, e; ¢ LT, (M) that e;e; is a minimal generator of LT#(Iar),
and therefore e;e; is contained in G. Thus G has the form G = G U {e;e; € F |
eiye; ¢ LT, (I)} for some set of polynomials G C P. The fact that the polynomials
in G are irreducible with respect to E implies that they have degree < 1 in the
indeterminates eq,...,e,. Since we have Ip; C (eq,...,e,), this shows that the
polynomials in G are linear forms in ej,...,e,. Since the Buchberger Algorithm
preserves homogeneity, they are homogeneous with respect to the grading given
by W. Hence they are actually images of homogeneous vectors in M. Their leading
terms generate all elements in LT, (I5s) of degree onein ey, ..., e,. Thus the leading
terms of the corresponding elements of M generate LT, (M). Finally, since the
elements of G are fully reduced against each other, the corresponding elements
of M are fully reduced, too. Hence G is the image of the reduced o-Grobner basis
of M in P. O

In particular, notice that the reduced 7-Groébner basis of Iy, is G U E if we
have M C (z1,...,2,) Fo and G is the reduced o-Grobner basis of M. Let us give
some typical examples of simultaneous extensions & of o and 7 as required by this
proposition (for a classification, see [5]).

Remark 2.6. Let 7 = Ord(V) be a term ordering on T™ given by a non-singular
matrix V' € Mat,, (Z).

a) Let o be the module term ordering 7 — Pos on T"(eq,...,e,) (see [7], 1.4.16).

Then @ = Ord (‘O/IO,) is a term ordering on T"(z1,...,%n,€1,...,€.) which
extends both 7 and o.

b) Let o be the module term ordering Pos—7 on T"({ey,...,e.). Then & =
Ord (310’“) is a term ordering on T"(x1, ..., Zp, €1, ..., e,) which extends both 7
and o.

¢) Suppose that 7 is a degree compatible term ordering of the form 7 = Ord (‘E/VV,)
with W’ € Maty,—m »(Z) and that do; >pex 0 for i = 1,...,7r. Then the module
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term ordering ¢ = Deg—7—Pos is compatible with 7, and the term ordering

W doy - -~ dor
cg=|W 0---0 | onT(xy,...,%n,€1,...,€-) extends both 7 and o.
0 I,

Example 2.7. Let P = K]xz,y, 2] be standard graded, and let 7 be the term
ordering DegRevLex on T3. Then o = PosDegRevLex is a module term ordering
on T3(ey,eq,e3) which is compatible with 7. Moreover, the term ordering & =

Ord (815‘) with V = ((IJ 34) extends both o and .
0—-10

Now let M be the graded submodule of P(—1) generated by the set of vec-
tors {(z,y,0), (0,1,0), (0,22, zy)}. Then the reduced o-Grobner basis of M is
{ea,xze1,zyes}. By applying the proposition, we see that the reduced -Grébner
basis of the ideal Iy is {ea, €1, zyes, €2, e1e3, €3},

After clarifying the behaviour of Grobner bases with respect to idealization, we
turn to minimal homogeneous systems of generators.

Proposition 2.8. (Minimal Generators and Idealization)

Let M be a graded submodule of a graded free P-module Fy = ®]_y P(—dg;) such
that M C (x1,...,2,) Fy and where dy; >1ex 0 for i = 1,...,r Furthermore, let
V = (v1,...,0s) be a tuple of non-zero homogeneous vectors which generate M.

a) Assume thatV is a minimal homogeneous system of generators of M. Then the
set {v1,...,vs} UE is a minimal homogeneous system of generators of Iny.

Let 7 be a term ordering on T™ let o be a module term ordering on T™(e1,...,e,)
which is compatible with T, and let  be a term ordering on T(z1,...,Tp,€1,...,67)
which extends both o and T.

b) If we apply Buchberger’s Algorithm with Minimalization (see [8], 4.6.3 or [9],
Cor. 13) to the tuple (V | £), it computes a minimal system of generators of
the ideal Iy € P of the form (Vmin | £), where Viin is a minimal homogeneous
system of generators of M.

c¢) If we apply the variant of Buchberger’s Algorithm with Minimalization (see [8],
4.6.5 or [9], Rem. 14.b) to the tuple (V | &), it computes a homogeneous G-
Grébner basis of Ins of the form (G | £) and a minimal system of generators of
the form (Gmin | £), where G is a o-Grébner basis of M and Gy is a minimal
homogeneous system of generators of M which is contained in G.

Proof. First we show a). By definition, the set {vi,...,vs} U E generates Iy
Consider the grading on P defined by deg(z;) = 0 and deg(e;) =1fori=1,...,n
and j = 1,...,r. Then I,; is a homogeneous ideal with respect to this grading.
Its homogeneous component of degree one is Pvi + --- + Puvg, so that it follows
from the minimality of V that we cannot drop any of these generators in (V | £).
Next we consider the image of Ij; under the substitution xz; — 0 for ¢ =1,... n.
Since M C (z1,...,z,) Fy, we have v; — 0 for i = 1,...,s. The images of the
elements e;e; are minimal generators. Therefore the elements e;e; are minimal
generators of Iy;.

Now we prove b). The hypothesis dg; >1ex 0 implies that P is positively graded.
Hence we can apply Buchberger’s Algorithm with Minimalization. Since (V | &)
generates Iy, the algorithm computes a minimal system of generators of I; which
is contained in (V | £). By considering the grading deg(z;) = 0, deg(e;) = 1 again,
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we see that the vectors in V chosen by the algorithm correspond to a minimal
system of generators of M. Moreover, the algorithm has to choose all polynomials
eje; because they are all minimal generators of 1.

To show ¢), we claim that the 7-Grobner basis of Ip; computed by the algorithm
has the form (G | £). Clearly, a critical pair (,j) such that LTz(v;) = ¢;ties,
and LT5(v;) = cjtje,, satisfy v; = 7; corresponds to a critical pair of the vectors
v1,...,0s in M. However, if we have 7; # ~;, then the corresponding S-vector
has degree two in the indeterminates eq,...,e,.. It reduces to zero, because the
terms in its support are of the form tepe, where exe, has a smaller degree and has
been appended to the Grobner basis already. Moreover, every time the algorithm
encounters a term epey, that term is irreducible with respect to the part of the
Grdbner basis computed so far and is appended to the Grobner basis and to the
minimal system of generators. Altogether, we see that the algorithm computes a
Grobner basis of the form (G | £). As above, it follows that the minimal set of
generators it finds is of the form (Guin | £). O

Let us briefly discuss the hypotheses of this proposition.

Remark 2.9. Suppose we are in the setting of the proposition.

a) The assumption M C (z1,...,xz,) Fp is essential for the proposition to be true.
Otherwise, S-vectors of the form e,,v; —e, v; could be appended to the Grobner
basis, because they contain terms of the form cege; with ¢ € K which have not
yet been treated, i.e. which are not yet in the Grobner basis.

b) The assumption dgp; >1ex 0 for ¢ = 1,...,7 is used to conclude that the grading
on P given by W is positive, but it is not essential for the correctness of the
algorithm (see also the discussion below).

3. IDEALIZATION OF HOMOGENEOUS PRESENTATIONS

In this section we want to idealize not only a graded submodule, but a whole
homogeneous presentation. We continue to assume that M is a graded submodule
of a graded free P-module Fy = ®!_, P(—dy;), where dp1,...,dor € Z™, and that
V = (v1,...,vs) is a tuple of non-zero homogeneous elements which generate M.
Moreover, it will be convenient to assume that ) is deg-ordered, i.e. that we have
degW (Ul> SLex o SLex degW (US)'

Then we form the graded free P-module Fy = ©j_; P(—dy;) where di; =
degy (v;) for j = 1,...,s. We let {e1,...,e5} be the canonical basis of F; and
consider a homogeneous presentation

BR-LFR S M—0
of M where p(g;) = v; for j = 1,...,s and where F, is a another graded free

P-module.

Remark 3.1. For every d € Z™, a homogeneous presentation of the shifted mod-
ule M (d) is given by

Fa(d) -5 Fi(d) <5 M(d) — 0

where Fj(d) and Fy(d) are graded free P-modules, and where the homogeneous
P-linear maps ¢ and v are given by the same homogeneous matrices as ¢ and 1,
respectively. Therefore the computation of a minimal homogeneous presentation
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of M is equivalent to the computation of a minimal homogeneous presentation
of M(d).

In view of this remark, we shall from now on assume that dg; >1ex 0 for i =
1,...,r. Notice that this implies di; >1ex 0 for j = 1,...,s. This assumption will
prove useful in our theoretical discussion below. In an actual implementation it is
not really necessary, because shifting the entire computation by a fixed degree does
not change its correctness.

In order to idealize the above presentation of M, we introduce the polynomial
ring P = Pley,...,ere1,...,65] = K[z1,...,Zp,€1,...,6r,61,...,€5] and equip it
with the grading given by W= (W | do1 -+ -dor | d11 -+ dis). Notice that, because
of our assumption, this grading is positive. By Proposition 2.3.a, the idealization
of the module Fy @ Fy is the ring }S/E, where ¢ is the homogeneous ideal generated
by the union of {e;e; | 4,5 = 1,...,r}, {eie; | i € {1,...,r},j € {1,...,s}}, and
{EZ‘EJ‘ | i,j = 1,...,8}.

Let o : Fy — P /¢ be the homogeneous injective P-linear map given by
w((f1,.o s fr) = fier+ -+ fre. + ¢ and let 4 : F; — }S/E be the homogeneous
injective P-linear map given by 21 ((f1,..., fs)) = fie1 +--- fses + ¢ By [7], 3.6.1,
if (f1,...,fs) € Syzp(V) is a homogeneous syzygy of V, then the corresponding
element fieq + -+ + fses of P is contained in the ideal (v1 —€1,...,0s — €5).

Definition 3.2. The ideal I, = (v1 —€1,...,0s —€s) + € in P is called the ideal
of the presentation of M given above.

Our next proposition serves to justify this name.
Proposition 3.3. (Idealization of a Homogeneous Presentation)

Let I C P be the ideal of the presentation of M.

a) There exists a unique P-algebra homomorphism
D : P[Eh e 755}/(5i5j)i,j:1,‘..,s — P/e

which maps the residue class of ; to v; +¢ fori=1,...,s.
b) The image of ® is the residue class ideal of the ideal of M.
¢) The kernel of ® is the residue class ideal of the ideal of Syzp(V).
d) The ideal of Syzp(V) is given by In; N Pley, ..., ).

Proof. To prove a), it suffices to note that ® is well-defined, because we have v;v; € ¢
fori,j=1,...,s. Claim b) follows from Proposition 2.3.b.
To show c¢), we note that ® is induced by the substitution homomorphism ¥ :

Plei,...,es] — PJe with e v vp +e for k= 1,...,s. The ideal (exep)k =1, s is
contained in ker(¥). Since vy,...,vs € (e1,...,e,), the kernel of the composition
of ¥ with the canonical surjection P/e — P is (e1,...,¢€5), and therefore we have

ker(¥) C (e1,...,e5). Furthermore, we have fie1 + -+ + fses € ker(¥) if and only
if fivg+---+ fsvs =0. Hence {fie1+-- -+ fses | (f1,-.-, fs) € Syzp(V)} U{eres |
k0 =1,...,s} generates ker(¥), and the claim follows from Proposition 2.3.b.
Finally, part d) follows from c¢) by a slight generalization of [7], 3.6.2, but the
proof of that proposition still applies without modifications. O
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4. COMPUTATION OF MINIMAL HOMOGENEOUS PRESENTATIONS

As above, we assume that M is a submodule of a graded free module F, =
"_y P(—dp;) and that it is given by a deg-ordered homogeneous system of gener-

ators V = (v1,...,vs). We want to compute a minimal homogeneous presentation
of M. The graded version of Nakayama’s lemma implies that we may assume
M C (z1,...,2,) Fy. There is an obvious method to solve our task.

Remark 4.1. Consider the following instructions.

1) Using the Buchberger Algorithm with Minimalization (see [8], 4.6.3), compute
a subtuple Vi, of V of homogeneous vectors which generate M minimally.

2) Using the lifting of syzygies (see [7], 3.1.8), compute a matrix S whose columns
generate the module Syzp(Vimin). (Notice that all computations involved here
keep the homogeneity of the input. Thus S is a homogeneous matrix.)

3) Using the Buchberger Algorithm with Minimalization, compute a subtuple Spin
of § of homogeneous vectors which generate Syzp(Spin) minimally.

4) Return Viin and Spin and stop.

This is an algorithm which computes two tuples Vyin and Sy, of homogeneous
vectors such that Vi, generates M minimally and Sy, generates Syzp(Viin) min-
imally. In particular, we have a minimal homogeneous presentation

B S M — 0

where F; and F; are graded free P-modules, where 1 is given by Sy, and where ¢
is given by Viin.

This algorithm is rather wasteful, because the reduction steps involved in com-
puting the Grobner basis of M in step 1) have to be done again in step 2). Using
the idealization of the presentation discussed in the previous subsection, we can
proceed in a more efficient way. The method we use in the next theorem is called
the vertical strategy. The reason is that we compute first a minimal system of
generators G, of M by looping through all necessary degrees (which we think of as
being on top of each other) and then a minimal system of generators of Syzp(Gumin)
by a similar loop.

To ease the notation, we shall resort to the following convention. Given a tuple
G = (91,..-,9s), we write LT,(g;) = t;e,, with t; € T” and v, € {1,...,r} for
i=1,...,s". Moreover, we identify the elements of the graded free P-module Fy =
@®r_; P(—dp;) with their canonical images in the polynomial ring P = Pley, ..., e,]
and equip P with the grading given by W = (W | do1 - - - doy.)-

Theorem 4.2. (Computing Minimal Presentations Vertically)

Let M be a graded submodule of a graded free P-module Fy = ®_, P(—dy;) where

doi >1ex 0 fori=1,...,7. Let V = (v1,...,vs) be a deg-ordered tuple of non-zero

homogeneous vectors which generate M. Consider the following instructions.

1) Choose a term ordering o on T™(e1,...,e.). Let B=0, W=V, G=0,s =0,
Gumin=0, p =0, and S = 0.

2) Let d be the smallest degree with respect to Lex of an element in B or in W.
Form the subset By and the subtuple Wy, and delete their entries from B
and W, respectively.

3) If By = 0, continue with step 6). Otherwise, chose a pair (i,j) € Bgq and
remove it from By.
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4) Compute the S-vector Si; of gi and g;. Then compute Si; = NRgg(Sij)-
If Si; = 0 continue with step 3). If S;; # 0 and it does not involve the in-
determinates e, ..., e, append it to S and continue with step 3).

5) Increase s' by one, append gy = S;; to the tuple G, and append the set {(i,s") |
1<i<s, vi =7} to B. Then continue with step 3).

6) If Wq = 0, continue with step 9). Otherwise, choose a vector v € Wy and
remove it from Wy.

7) Compute v/ = NR, g(v) and v = v'(x1,...,Zpn,€1,...,6-,0,...,0). If5 =0,
continue with step 6).

8) Increase s’ and p by one. Adjoin a new indeterminate €,, to P and extend the
grading to this new ring by defining degyr(c,) = degy-(v). Eaxtend the term
ordering o to the new ring in such a way that the extension is an elimination
ordering for {e1,...,e.}. Append g =0 —¢€, to G and U to Gyin. Append the
set {(i,8") |1 <i<$, v =75} to B. Continue with step 6).

9) If B#0 or W #£ 0, continue with step 2).

10) Apply the Buchberger Algorithm with Minimalization to the module generated
by S and obtain a subtuple Spin of S which minimally generates that module.
Return the pair (Gmin, Smin) and stop.

This is an algorithm which computes a pair (Gmin, Smin) Where Gmin is a deg-ordered
tuple of homogeneous vectors in Fy which generate M minimally, and Smin 1S a deg-
ordered tuple of homogeneous vectors in ®F_| P(—dy;) which generate Syzp(Gmin)
minimally. Here p is the number of elements in Gnin and dy; is the degree of the
it" element in Guin fori=1,..., 1.

Proof. To prove the finiteness of this procedure, we note that elements are appended
to G and B only in steps 5) and 8). By induction on s’, we see that all elements of G
are of the form ajeq +--- +a,e, +bieg +--- +bue, with a;,b; € P. Moreover, the
checks in step 4) and step 7) make sure that at least one polynomial a; is non-zero.
Since B is enlarged only when an element is appended to G which has a new leading
term, and since this can happen only finitely many times, the procedure terminates
after finitely many steps.

Now we prove correctness. If we substitute e; +— 0, ..., g, — 0 everywhere,
the algorithm reduces to the Buchberger Algorithm with Minimalization. Thus the
resulting tuple G, is a minimal homogeneous set of generators of M. To show
that Spin is correct, we use Proposition 3.3. Notice that the elements g = v — ¢,
appended to G in step 8) are exactly the generators of I corresponding to the min-
imal system of generators G, of M. Thus Proposition 3.3.e says that Syzp(Gmin)
corresponds to the residue class ideal of Ins N Pley,...,e,] in Pley, ...,/ (c1¢;5 |
i,j=1,...,u). Since all extensions of ¢ are elimination orderings for {ey,...,e.},
the o-Grébner basis of Ip; contains a system of generators of Syzp(Gmin)-

In fact, we claim that the elements of S are a o-Grobner basis of Syzp(Gmin)
when the algorithm stops. This follows by inspecting the effect of step 4): a o-
Grébner basis element S}, of Iy corresponds to a syzygy of Gmin if and only if
it is contained in Pley,...,€,]. Finally, we note that Spin is indeed a minimal
system of generators of Syzp(Gmin) because we apply Buchberger’s Algorithm with
Minimalization in step 10). O
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Unlike Remark 4.1, the algorithm described in this theorem returns a minimal
system of generators which is not necessarily contained in the given set of genera-
tors. Our next remark shows how we can modify the theorem to get this property
as well.

Remark 4.3. In the algorithm of the theorem, the elements v of the tuple V for
which the corresponding v’ does not involve the indeterminates eq,...,e, form a
subtuple Vpin of V which minimally generates M. By keeping track of the represen-
tations of new Grobner basis elements in terms of the elements in Vi, we compute
a homogeneous matrix A such that G = Vi, A. Since G, is a subtuple of G, the
columns corresponding to the elements of G, in this matrix equality yield a ma-

trix B such that Guin = Vimin B- Then the exact sequence Fy LN M — 0,
where ¢’ is given by the matrix B Spi, and where ¢’ is given by Vi, is a minimal
homogeneous presentation of M.

Sometimes the vertical strategy is not the most efficient way to compute a min-
imal homogeneous presentation. For instance, suppose that we have some infor-
mation about the highest degrees occurring in the minimal presentation of M. In
this case, it is desirable to compute the minimal generators and their minimal
syzygies degree by degree, and to truncate the computation at the appropriate de-
gree. A method which proceeds degree by degree and determines both the minimal
generators and their minimal syzygies simultaneously for each degree is called a
horizontal strategy. Our next theorem shows how we can implement it effec-
tively.

To ease the notation, we shall again resort to the convention LT,(g;) = tie,
with ¢; € T" and v; € {1,...,r}. Moreover, we let LT, (h;) = t;e,, with {; € T"
and n; € {1,..., u}.

Theorem 4.4. (Computing Minimal Presentations Horizontally)

Let M be a graded submodule of a graded free P-module Fy = @®I_; P(—dy;), where
doi >1ex 0 fori=1,...,7, and let V = (v1,...,vs) be a deg-ordered tuple of non-
zero homogeneous vectors which generate M. Consider the following instructions.

1) Choose a term ordering o on the monoid T"(eq,...,e.). Let B =10, B’ =0,
W=V,G=0,s=0,Gun=0,u=0,8=0,s" =0, and Spin = 0.

2) Let d be the smallest degree with respect to Lex of an element in BU B’ or
in W. Form the subset By of B, the subset Bl of B, the subtuple Wy of W,
and delete their entries from B, B’, and W, respectively.

3) If B, = 0, continue with step 6). Otherwise, choose a pair (i,j) € B!, and
remove it from BY).

4) Compute the S-vector of h; and h; and call it S;;. Then compute the normal
remainder S;; = NR, s(Si;). If Si; = 0, continue with step 3).

5) Increase s by one, append hgr = Si; to the tuple S, append the set {(i,s") |
1<i<s”, ni=ns} to B, and continue with step 3).

6) If Bg = 0, continue with step 10). Otherwise, choose a pair (i,7) € Bq and
remove it from By.

7) Compute the S-vector of g; and g; and call it S;;. Then compute the normal re-
mainder ng =NR, g(S;5). If ng involves one of the indeterminates eq,. .., e,
then increase s' by one, append gy = S;; to G, append {(i,s') | 1 <i < s',y; =
vs'} to B, and continue with step 6).
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8) Compute the normal remainder S}; = NRy s(S5};). If Si; = 0, continue with
step 6).

9) Increase s" by one. Append hg: = S, to the tuples S and Syin. Append
{(4,8") |1 <i<$", g =ns} to B'. Continue with step 6).

10) If Wq = 0, continue with step 13). Otherwise, choose a vector v € Wy and
remove it from Wy.

11) Compute v' = NRyg(v) and v = v'(z1,...,2n,€1,...,6-,0,...,0). If 0 =0,
continue with step 10).

12) Increase s’ and p by one. Adjoin a new indeterminate €,, to P and extend the
grading to this new ring by defining degyr(e,) = degyr(v'). Estend the term
ordering o to the new ring in such a way that the extension is an elimination
ordering for {ei1,...,e,}. Append g = v — ¢, to the tuple G and v to Gmin.
Append {(i,8') | 1 <i< s, v =y} to B. Continue with step 10).

13) If B=B' =0 and W = 0, return the pair (Gmin, Smin) and stop. Otherwise,
continue with step 2).

This is an algorithm which computes a pair (Gmin,Smin) wWhere Guin is a deg-
ordered tuple of homogeneous vectors in Fy which generate M minimally, and where
Smin s a deg-ordered tuple of homogeneous vectors in &t P(—dy;) which generate
SyZp(Gmin) minimally. Here p is the number of elements in Gmin and dy; is the
degree of the it™ element in Guin fori=1,..., .

Proof. First we show finiteness. The procedure terminates when B, B’, and W are
empty. Only B and B’ are enlarged during the computation. Each time the loop in
steps 3)-5) is executed, one pair is removed from By (and thus from B). Similarly,
performing the loops in steps 6)-9) and 10)-12) removes one element from By and
Wy, respectively. Hence it suffices to show that B and B’ are enlarged only finitely
many times.

The set B is enlarged in steps 7) and 12) only if an element gy is appended
to G whose normal remainder with respect to the previous elements of G is non-
zero. In this case, (LT,(G)) is enlarged, and this can happen only finitely many
times. Similarly, the set B’ is enlarged in steps 5) and 9) only if an element hy is
appended to S which has a new leading term. Again this can happen only finitely
many times.

Now we prove correctness. We consider the entire computation as a computation
in P = Klxi,...,2n,€1,...,6r,€1,...,6,]. We claim that the elements of W, G,
Omin, S, and Spin are always of the form fie; + --- + fre, + fier + -+ + fueu
with fi,fj € P. This is clearly true at the outset. By the manner in which B
and B’ are enlarged in steps 5), 7), 9), and 12), the new S-vectors continue to have
this shape. Furthermore, reducing one such vector using another one preserves
the shape. Hence the elements of G and S have the desired form. Clearly the
construction of Gy in step 12) and Sy, in step 9) also preserves the given shape.

By induction on s” it follows that elements hg» which are appended to S in

step 5) and 9) do not involve the indeterminates {ey,...,e,}. In particular, their
leading position is an element n; € {1,..., u}.
If we set €1 +— 0, ..., €, + 0 in the entire algorithm and ignore the instructions

concerning § and Spin, we see that we are applying Buchberger’s Algorithm with
Minimalization to the tuple V. Therefore the tuple G = (g1,...,gs) where g; =
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gi(z1,...,zp,€1,...,6:,0,...,0) is a o-Grobner basis of M and G, is a subtuple
of G whose elements are a minimal system of generators of M.

Next we let Gmin = (§1,-..,G,). We claim that the elements of G map to zero
under the homomorphism defined by &y — §¢1, ..., €, +— g,. This follows by
induction on s’ because in step 5) an element of {g1,...,gs—1) is appended to G
and in step 8) we have

gs’(xlwu7x’n7617"'767”7917"')9;1,71) :'U_g# :0

Hence the elements of G are contained in the ideal (g1 —e1,. .., g, —&,) of P. Since
we know already that G, is a minimal system of generators of M, 1t follows that
IM = (g1 —e1,.-. 2 Ou — Eu) + F is the ideal of a homogeneous presentation of M.
Therefore, by Proposition 3.3, it suffices to prove that S U {e;e; | 4,7 =1,...,u}
is a o-Grobner basis of Iy N Pley,...,e,) and Spin U {gigj | 4,5 = 1,...,u} is a
minimal set of generators of this ideal.

Since o is an elimination ordering for {ey,...,e.}, steps 3), 4), 5), 8), and 9)
correspond to the application of Buchberger’s Algorithm with Minimalization to
this ideal. Hence the claim follows from Propositions 2.5.a and 2.8.a,b. Altogether,
we have shown that G, is a minimal system of generators of M and S, is a
minimal system of generators of Syzp(Gmin)- |

Let us add a few remarks about the inner workings of this algorithm.

Remark 4.5. Assume that we are in the setting of Theorems 4.2 and 4.4.

a) If we view the vertical and the horizontal strategy for computing a minimal
homogeneous presentation as algorithms in P, they are nothing but two concrete
versions of the same general algorithm, namely the Homogeneous Buchberger
Algorithm. The difference lies in the particular strategies for choosing the next
pair to work on, and that we do not have to consider critical pairs (i, s") with
~v; # s because e; e maps to zero in the idealization of M.

b) The proof of Theorem 4.4 shows that when the algorithm stops the tuple G =
(g1,--.,7s) where g; = gi(z1,...,2n,€1,...,€r,0,...,0) is a o-Grébner basis
of M, and the tuple S is a o-Grobuer basis of Syzp(Gmin)

c) Note that one can choose the term ordering on T"(eq,...,¢,) freely, as long as
it extends o. Hence the algorithm can be used to compute a Grobner basis of
the syzygy module Syz(Gmin) with respect to an arbitrary term ordering.

5. COMPUTATION OF MINIMAL GRADED FREE RESOLUTIONS

As in the preceding sections, let K be a field, let P = K[x1,...,2,] be posi-
tively graded by W € Mat,, »(Z), let M be a graded P-submodule of a graded free
P-module Fy = &%, (—dp;), and let V = (v1,...,vs) be a tuple of non-zero homo-
geneous vectors Wthh generate M. For d € Z™, the minimal graded free resolutions
of M and M (d) differ only by the shift d. Therefore we shall henceforth assume
that we have dg; >1ex 0 for ¢ = 1,...,79. In order to facilitate the formulation of
our algorithms, we introduce a number of conventions.

The " graded free module Fj is always of the form F; = Dilo(—dij). Its

canonical basis is denoted by {5§i), e ,sm)} and is always kept deg-ordered. The
idealization of the module Fy & --- @ F, is a residue class ring of the ring P =
P[{ey) | i € {0,...,n},5 € {1,...,r;}}]. As in the previous section, the entire
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computation can be viewed as a computation in P. In particular, the elements of
each F; are identified with their images in this ring.

The first algorithm we present is a straightforward generalization of the vertical
strategy for computing minimal presentations (see Theorem 4.2).

Theorem 5.1. (Computing Minimal Resolutions Vertically)

Let M be a graded submodule of a graded free P-module Fy = &;°, P(—dy;), where

doi >Lex 0 for i =1,...,r9. Let V = (v1,...,vs) be a deg-ordered tuple of non-

zero homogeneous vectors which generate M. Consider the following sequence of
instructions.

1) Leti = 0. Equip P = P[egi),...,ag)} with the grading defined by W = (W |
di1 -+ dir;). Choose a term ordering o on T”(sgi)7...,5g)). Let B = 0,
W=V,G=0,5=0,6" =0, r1 =0, and S = 0.

2) Let d be the smallest degree with respect to Lex of an element in B or in W.
Form the subset By and the subtuple Wy, and delete their entries from B
and W, respectively.

3) If B4 = 0, continue with step 6). Otherwise, chose a pair (j,k) € Bq and
remove it from By.

4) Form the S-vector Sjx of g; and gi. Then compute S} = NR, g(Sjx). If Sy =
0 continue with step 3). If S;k # 0 and it does not involve the indetermi-
nates 5@, e ,ssf;), then append it to S and continue with step 3).

5) Increase s’ by one, append gs» = S, to the tuple G, and append the set {(j, s') |
1<j<s, v =7} to B. Then continue with step 3).

6) If Wy = 0, continue with step 9). Otherwise, choose a vector v € Wy and
remove it from Wy.

7) Compute v' = NRy g(v) and 0 = v'(x1,. .. 796,“5&1), o ,55?70, ..,0). Ifo=0,
continue with step 6).

8) Increase s’ and riy1 by one. Adjoin a new indeterminate nglill) to P and extend
the grading to this mew ring by defining degW(dﬁf)) = degyy(v). Eatend
the term ordering o to the mew ring in such a way that the extension is an
elimination ordering for {sgi), e ,aﬁ?}. Append the element gy = U — sgiﬂ)
to G and the element v to Q’I(gi)n, Append the set {(j,s') |1 <j<s', v =7}
to B. Continue with step 6).

9) If B0 or W # (), continue with step 2).

10) If S # 0, then increase i by one and equip P = P[egi),...,eg)] with the
grading defined by W = (W | d;jy --- di,). Restrict the term ordering o
to T (e, .. ey, Let B=0, W=8,G=0,5=0,G" =0, ri =0,
and 8§ = (). Then continue with step 2).

11) Let £ =i+ 1. Return the list (g“)) ...,g“‘”) and stop.

min’ min
This is an algorithm which computes a list of deg-ordered homogeneous matrices
(gfl?i)n, ce gff;l”) such that the P-linear maps @; : Fj — F;_1 given by gg;l) for

j=1,...,¢ yield a minimal graded free resolution
0 — F 2 F % .. 25 20250 —0

Proof. The loop defined by steps 2)-9) agrees with the main loop used in Theo-
rem 4.2 to compute a minimal homogeneous presentation of M vertically. In the
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proof of this theorem we saw that, after this loop is finished for some particular

value of 7, the tuple erfi)n contains a minimal set of generators of the module gen-

erated by W and the tuple S contains a o-Grébner basis of Syz P(gfji)n). Thus, if
we feed § as the new input tuple W into the next iteration of the loop, we com-

pute a minimal system of generators g(”” of Syz P(g(” ) and a Groébner basis of

min min

Syzp (Q(H_l)). By Hilbert’s Syzygy Theorem, this process stops after at most n — 1

min
steps, i.e. after at most n — 1 steps we have S = () and the algorithm stops. a
Although the vertical strategy for computing minimal graded free resolutions is
in general rather crude, it has some merits.

Remark 5.2. Suppose we are in the setting of the theorem.

a) If we do not want to know the whole minimal graded free resolution of M, or
if we discover during the computation that the going is getting too tough, we
can stop the execution of the algorithm after the loop of steps 2)-9) is finished
for a particular value of i and get the correct first ¢ + 1 graded free modules
and maps.

b) When i > 1, we can save some applications of step 4), since we know that S
is a Grobner basis after the loop 2)-9) for ¢ — 1 is finished and this is the new
input tuple W.

¢) In step 10) we can choose ¢ freely. Then we do not know that W is a Grobner
basis, i.e. the optimization of b) cannot be used, but we get in G a o-Grébner

basis of Syz P(gflj(n”) for the chosen term ordering o.

Our second algorithm for computing minimal graded free resolutions general-
izes the horizontal strategy for computing minimal homogeneous presentations (see
Theorem 4.4). As before, we consider the entire computation as a computation in
0) (n)

...,&r,’] a residue class ring of which is the
idealization of Fy & --- @ F,, and we identify all vectors with their images in P.
For the purposes of this theorem it will be convenient to replace the Division Al-
gorithm (see for instance [7], 1.6.4) with a procedure that merely head reduces a
given polynomial f with respect to a list of polynomials G. We shall denote the
result of such a reduction procedure by HR, ¢(f) and call it a head reduction

remainder of f.

a large polynomial ring P = P[ag

Theorem 5.3. (Computing Minimal Resolutions Horizontally)

Let M be a graded submodule of a graded free P-module Fy = &;°, P(—dy;), where

doi >1ex 0 fori =1,...,r9. Let V = (v1,...,vs) be a deg-ordered tuple of non-

zero homogeneous vectors which generate M. Consider the following sequence of

instructions.

1) Let o be a term ordering on T™ (550), e ,55«2)), let P = P[sgo), e ,552)} be graded
by W =W | doy -+ dory), letry = -+ =1, =0, let B = {vy,...,vs}, let
G =0, and let Guin = 0.

2) Let d be the smallest degree with respect to Lex of an element of B. Form the
subset By of B and remove it from B.

3) If By = 0, continue with step 7). Otherwise, let i be the largest upper index
of an indeterminate 555) occurring in a polynomial of By. Let f € By be a
polynomial which involves that indeterminate. Remove f from By.
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4) Compute f' = HR, g(f). If one of the indeterminates 5§i_1), e ,55«2:11) occurs
in f', append f' to G, append to B all S-polynomials of f' and a polynomial g

in G such that LT, (f") and LT, (g) involve the same indeterminate 65-171), and
continue with step 3).
5) If none of the indeterminates {sgl)7 . ,sﬁ?} occurs in f', continue with step 3).

6) Increase riy1 by one. Adjoin a new indeterminate egﬂ) to P and extend
the grading to this mew ring by defining degW(egiLl)) = d. FExtend the term
ordering o to the new ring in such a way that the extension is an elimination

ordering for {5§0)7 . ,aﬁ?}. Compute the polynomial
f= f’(xl,...mrn,sgi),...,5&?,07...,0)

Append g = f — 57(}11_11) to G and f to Guin. For all h € B such that LT,(g)
and LT, (h) involve the same indeterminate {—:lg»l), compute the S-polynomial of g

and h and append it to B. Then continue with step 3).
7) If B =0, return the tuple Guin and stop. Otherwise, continue with step 2).
This is an algorithm which computes a deg-ordered tuple Gunin of homogeneous
polynomials in P = P[Sgo), ... ,67(2), .. ,6%4), .. ,87(«?] such that the homogeneous
maps of graded free P-modules p; : F; — F,_1 defined by the elements of G N

P[egl), o ,55?] yield a minimal graded free resolution
0 —F 25 F 2. 2520250 —0

Proof. First we prove that the procedure is well-defined, i.e. that all instructions
can be executed. For this purpose it suffices to show the following claim: For a
polynomial f which is contained in B or in G at some point during the computation,
there exists a number ¢ > 0 such that f is of the shape

f = alggz) + e + aTLE’E:i) + blgg’b*i’l) + e _|_ bT 8(7/"1‘1)

1T
with a;, by, € P. This is clearly the case at the outset when vy, ..., v, involve only
the indeterminates 6%0)’ e ,552). Later B and G are enlarged only in steps 4) and 6).

When f" = HR, g(f) is appended to G in step 4), the element f € B has been
head reduced using only elements of the shape shown above. Thus also f’ has
this shape. When g = f/ — 6&111) is appended to G in step 6), the element f’

involves only indeterminates el(j ) with upper index j € {i, i+1}. Consequently, the

polynomial f/ = f'(xq,..., Ty, sgi), . ,e&?, 0,...,0) involves only indeterminates
sg ) with upper index 7 = ¢, and so g has the claimed shape. When B is enlarged

in step 4) or 6), the new elements are S-polynomials of polynomials of the claimed
shape. By the construction of o, the leading term of a polynomial involves one
(4)
k

of the indeterminates ¢;’’ with the smaller of the two upper indices. Since both

leading terms are required to involve the same indeterminate 5,? ), it follows that
the S-polynomials appended to B have the claimed shape, and the claim is proved.

Now we turn to proving finiteness and correctness of the procedure. The pro-
cedure stops when B becomes empty. New S-polynomials are appended to B in
step 4) or 6) only if a new element is appended to G in the same step. The new
element of G has a leading term which is not contained in the ideal generated
by LT, (G). Hence finiteness will follow if we can show that only finitely many new

indeterminates 5511_11 ) are introduced in step 6).



16 M. Kreuzer and L. Robbiano

To prove this and the correctness of the algorithm, it is sufficient to prove the
following claim by induction on i: After finitely many steps, all elements f € B

involving indeterminates 5,(:) with upper index ¢ have been treated, and at that

point the tuple G; = Gupin N P[Egi), e ,5,(5.)] is a minimal system of generators
of Syz(G;—1). To this end, we set s,(c] ) 0 for j > i everywhere and show that
the resulting algorithm reduced to the horizontal strategy for computing minimal
homogeneous presentations (see Theorem 4.4). The choice of f in step 3) ensures
(@) (@)
1

., Ep,

that S-polynomials involving only the indeterminates e /. are treated first.
This corresponds to doing the loop in steps 3) — 5) before the loops in steps 6) — 9)
and 10) — 12) in Theorem 4.4. The fact that we replaced the normal remainder
computation by a head reduction remainder does not affect the correctness of the
algorithm by Remark 2.5.6.a. The elements f € B which produce an f’ appended
to G in step 4) correspond to the pairs treated in steps 6) — 9) in Theorem 4.4.
The elements f’ discarded by step 5) correspond to the vectors v’ discarded in
step 11) in Theorem 4.4. Finally, step 6) corresponds to step 12) in Theorem 4.4.
Altogether, it follows inductively from Theorem 4.4 that the algorithm is correct.
By Hilbert’s Syzygy Theorem, the tuple G, is finite and the computation stops

after finitely many steps. O

The preceding algorithm admits several further optimizations.

Remark 5.4. Suppose that we are in the setting of the theorem.

a) In view of the checks preformed in steps 4) and 5), it suffices that the procedure
HR, ¢(f) stops when all indeterminates 5571), 5%) are eliminated from f.

b) Let W be a matrix of non-negative integers. Then the head reduction procedure
can be further optimized by noting that a polynomial f can be head reduced
by g € G only if degy-(f) is componentwise larger than or equal to degy. For

instance, a homogeneous polynomial f of degree (g) cannot be reduced by a

homogeneous polynomial of degree (Z) This observation restricts the set of
possible reductors in G.

Aside from the simplicity of the formulation of the algorithm described in Theo-
rem 4.4 (it requires merely seven steps!), it offers ample possibilities for introducing
optimizations. For instance, the optimizations provided by M. Caboara and the
authors in [4] can be used without difficulty. Although extensive practical tests are
still lacking, the authors expect that this algorithm will provide a valuable tool for
actual implementations.
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