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ABSTRACT. This paper is devoted to 'g)mpli,yng modules of two-sided syzy-
gies. Two-sided syzggles are elements ) L1 9ijeihij in a free two-sided

K

module such that  7_; L 9ijfihi; = 0. Here (fi,..-,fs) is a given tu-
ple of elements of a non-commutatlve ring R or a free two-sided R-module.
Of particular interest are two-sided syzygies of the form ae; — e2a such that
aw = w’a for a given pair of words (w,w’) representing elements in a group
ring R = K[G] because these syzygies solve the conjugator search problem.

Our approach is to translate everything to syzygies of elements of a free
two-sided module over the non-commutative polynomial ring K[X*]| and to
adapt the component elimination technique of [3] to this non-commutative
setting. The computation of syzygies over residue class rings of K[X*] is then
achieved by projecting the corresponding syzygies of vectors of representatives
of the given elements.

1. Introduction

For non-commutative rings, there exist two essentially different ways to con-
struct Grobner basis theories: Ed Green and his co-workers developed theories for
basic algebras, i.e. algebras having vector space bases which form a multiplicatively
closed set that can be well-ordered (see [4], [5], [7], [8]). Typical examples are path
algebras, PBW-algebras, etc. This theory does usually not apply to group rings,
since their natural vector space basis (the group elements) cannot be well-ordered.

A different approach was taken by Klaus Madlener and his co-workers (see [13],
[14], [15], [9]): if the algebra is decribed by generators and relations, i.e. as a
residue class algebra of the non-commutative polynomial ring, one can use a system
of generators of the ideal of relations which defines a convergent rewrite rule to
compute effectively in the residue class algebra and to define a theory of (prefix-)
Grobner bases. This theory applies to many monoid and group rings and will be
used in the present paper.

In the first theory, algorithms for the computation of modules of one-sided
syzygies have been developed: Given elements f1,..., fs of the non-commutative
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algebra R, the left-R-module of all tuples (gi,...,9s) € R® such that g1 f1 +--- +
gsfs = 0 has been computed (see [5] and [12]). However, for two-sided syzygies
there have been only scattered attempts to achieve this goal. Here we ask for a
system of generators of all tuples ((gi1,h11),-- ., (G1ky Piky)s - - -5 (sk.» hsk,)) such
that Z;‘;:l 251:1 gijfihz‘j =0.

In [16], I1.3, Teo Mora tried to generalize the commutative method of lifting the
syzygies of the leading terms to the case of the non-commutative polynomial ring.
However, this technique faces the problem that the syzygy module of the leading
terms is almost never finitely generated and contains many “trivial” elements. For
PBW-algebras, Manuel and Socorro Garcia Roman computed two-sided syzygies
by shifting the problem to the enveloping algebra and using the known algorithms
for one-sided syzygies (see [6]). In this paper, we solve the problem of computing
two-sided syzygies in the case of the Grobner basis theory of Madlener et al. in a
direct and straightforward fashion.

The first step is to construct a Grébner basis theory for submodules of two-sided
free modules over the non-commutative polynomial ring K[X*] over a field K. For
two-sided ideals in this ring, the two aforementioned Grébner basis theories agree
and yield the same results. Since two-sided syzygies are elements of the free two-
sided module F, = (K[X*] ® x K[X*])" over this ring, we generalize the theory in
the natural way and reconnect it to the case of two-sided ideals via the canonical
epimorphism 7 : F; — K[X*].

For the actual computation of the two-sided syzygy module we adapt the idea of
Massimo Caboara and Carlo Traverso (see [3] and [10], Tut. 34) from the commu-
tative to the non-commutative setting. They proposed to use “module component
elimination” for syzygy calculations and showed that this approach is theoretically
a most efficient one. Hence we introduce the non-commutative theory of component
elimination is Section 3 and use it to compute intersections and two-sided syzygy
modules over the non-commutative polynomial ring.

Then we bring the full force of the theory of Madlener et al. to bear and com-
pute two-sided syzygy modules over non-commutative rings of the form K[X*]|/I.
The method to do this is to compute the corresponding syzygy module over K[X*]
and then to project the computed syzygies.

Finally, in the last section, we show that the algorithm we developed can be
used to solve the conjugator search problem in certain finitely presented monoids
and groups, a task which has been suggested as a basis for non-commutative cryp-
tosystems (see [1]). Further examples are contained in the first author’s diploma
thesis [2]. Unless specified otherwise, we shall adhere to the definitions and notation
used in [10] and [11].

2. Grobner Bases for 2-Sided K[X*]-Modules

In the following we let X = {x1,...,2,} be a finite alphabet and X* the
monoid of words (or terms) x;, - - - x;, under concatenation. The empty word will
be denoted by A. Furthermore, let K be a field, and let

K[X*={ciw1 + - +csws | ¢; € K\ {0}, w; € X*, s € N}

be the non-commutative polynomial ring (also called the free associative algebra)
over the set of indeterminates X. To perform explicit computations in K[X*], we
need to order the terms.
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DEFINITION 2.1. A term ordering on X* is a complete ordering o such that

(1) w1 >, we implies wywiwy >, wawewy for wy, ..., wy € X*, and
(2) o is a well-ordering.

For instance, the length-lexicographic ordering 1lex is a term ordering. It is
defined by first considering the length of the two words and breaking ties by compar-
ing them lexicographically with respect to &1 >11ex *** >11ex Tn. Another example
is the total lexicographic ordering tlex which first compares the associated com-
mutative terms lexicographically and then breaks ties using the non-commutative
lexicographic ordering. Notice that the non-commutative lexicographic ordering by
itself is not a term ordering, since it is not a well-ordering.

Given a term ordering o on X*, we can define the leading term LT, (f) of a
non-commutative polynomial f € K[X*]\ {0} as the largest term in its support.
Then we introduce the leading term ideal of a two-sided ideal I C K[X*] by letting

LT, (I) = (LT, (f) | f € I\ {0})

where (S) denotes the two-sided ideal generated by S. Finally, we recall that a
(two-sided) o-Grébner basis of I is a set of non-commutative polynomials G such
that the set of their leading terms LT, (G) generates LT, (1).

The Grobner basis theory for two-sided ideals in K[X*] is well-developed (see
for instance [17] and [18]). Our first task in this section is to generalize it to
submodules of free two-sided modules. What kind of modules are we talking about?
Given a (non-commutative) K-algebra R, its enveloping algebra R®™™ = R ®k R
is a two-sided R-module in the natural way. For r > 1, we form the two-sided
R-module F, = @_; R®. The following well-known result explains why we call
it the free two-sided R-module of rank r.

PROPOSITION 2.2. For a two-sided R-module M and elements vy, ...,v. € M,
there exists a unique homomorphism of two-sided R-modules ¢ : F, — M such
that @(e;) = v; fori = 1,...,7. Here ¢; = (0,...,0,1® 1,0,...,0) is the i'h
standard basis vector in F..

Now we introduce the basic notions of Grébner basis theory in this setting.

DEFINITION 2.3. A term in F,. is an element of the form we;w’ where w,w’ € X*
are words and ¢ € {1,...,r}. The set of all terms in F,. will be denoted by T(F}.).

A module term ordering on T(F,) is a total ordering 7 such that t; <, to
implies witiwy <, witqwy for all ¢1,ts € T(F,.) and wy,ws € X*, and such that 7
is a well-ordering.

EXAMPLE 2.4. Let To be a term ordering on X*.
(1) For terms wie;,w), woejwy € T(F,) such that wq,w], we, wy € X* and
i,7€{l,...,r}, we let
W1€W, >1opos W2EjWhH =  WIW] >1o WoWh OF
(wiw] = wow}) and wy >t we) or

(w1 = wy and @ < j).

This defines a module term ordering ToPos on T(F}.).
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(2) For terms wie;w}, wee;wy € T(F,) such that wq,w], we, wsh € X* and
1,7 €4{1,...,r}, we let

W1€;W; >posto Wa€jWhH <= i< jor

(i = j and wiw] >t wawh) or

(i = j and wyw] = wowh and wy >1o Wa).
Again this defines a module term ordering PosTo on T(F}).

DEFINITION 2.5. Let 7 be a module term ordering on T(F}.).

(1) Given a vector v € F, \ {0}, there exists a unique representation v =
cit1+ -+ ests with e, ..., ¢s € K\ {0} and ty,...,t; € T(F,) satisfying
ty >, -+ >, ts. The term LT, (v) = ¢ is called the leading term of v with
respect to 7. The element LC, (v) = ¢ is called its leading coefficient. We
shall also use the notation LM, (v) = ¢1t;.

(2) For a two-sided submodule M C F,., the two-sided submodule LT, (M) =
(LT, (v) | v € M\ {0}) of F, is called the leading term module of M.

(3) A subset G of a two-sided submodule M of F, is called a 7-Grébner basis
of M if the leading term module LT, (M) is generated by the leading terms
in the set LT {G} = {LT,.(f) | f € G\ {0}}.

Based on these definitions, we can now generalize some standard results of
Grobner basis theory as follows.

PROPOSITION 2.6 (Macaulay’s Basis Theorem).
Let M be a two-sided submodule of F,.. Then the residue classes of the elements
in T(F,.)\ LT {M} form a K-vector space basis of F" /M.

PrOOF. For v € F, let 7 € F,./M denote the corresponding residue class.
First suppose that the residue classes of T(F,.) \ LT {M} do not generate F,/M.
Then let v € F such that 7 & (¢ | t € T(F,) \ LT {M})x =: B. Since 7 is a
well ordering, we may assume that v has a minimal leading term with respect to
7 among all these elements. If LT, (v) € T(F,) \ LT, {M} then the residue class
of v — LM, (v) is also not contained in B and LT,(v — LM,(v)) <, LT, (v), a
contradiction. If LT, (v) € LT, {M} then there exists an element m € M such that

LT,(m) = LT,(v). Again the element v — E“g:((;))
a smaller leading term than v, in contradiction to the minimality of LT, (v).

To prove the linear independence, suppose that there are elements k& > 1,
¢i € K\ {0} and t; € T(F,) \ LT {M} such that Zle ¢it; € M. Then we have

LT, (XF, eiti) € LT, {M} N (T(F,) \ LT, {M}), a contradiction. 0

m has residue class not in B and

PROPOSITION 2.7 (The Division Algorithm).

Let s > 1, and let m, f1,..., fs € F. \ {0}. Consider the following sequence of
instructions.

(D1) Fori=1,...,sletki=1,g91=¢,;=0,p=0 and v =m.

(D2) Find the smallest i € {1,...,s} such that LT, (v) = wLT (fi)w’" for some

w,w' € X*. If such an i exists, increase s by 1, set gk, = {“gf((;))w,

Jir, = w' and replace v by v — E‘ST((})V))wfiw'. If now v # 0, continue with

step (D2). Otherwise, continue with step (D4).
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(D3) Replace p by p+ LM, (v) and v by v — LM (v). If now v # 0, continue
with step (D2).
(D4) Return the tuple ((9117 9/11)7 s (glkngikl)v SRR (gslvg;1)7 SRR (gsksﬂg;ks))
and the vector p € F,.
This is an algorithm which returns elements ((g11,911)s - - - » (9sk.» 9ur,)) and p such
that the following conditions are satisfied.
(1) We havem =>""_, E;“:l gij figi; + -
(2) No element of Supp(p) is contained in (LT, (f1),...,LT-(fs)).
(3) If gij # 0 # gi; for some i € {1,...,s} and j € {1,...,k;} then we have
(4) Forallie{l,...,s} and j € {1,...,k;} we have

gij LTT(fi)ggj € <LTT(f1)7 s aLTT(fi—1)>-

(5) The elements ((911,911)s---» (9sk., 9ur.)) and p are uniquely determined
by the preceding conditions (1)-(4).

PRrROOF. In step (D2) and (D3) the leading term of v becomes strictly smaller
with respect to 7. Since 7 is a well ordering, this can happen only finitely many
times and the algorithm stops after finitely many steps.

To prove (1), we consider the equation m = 7, Ef"zl gijfigi; +p+v. It
holds at each point in the algorithm, since in step (D2) we have g, flg;kl + v =

I{“g:((}}i))wfiw’ +v— %wﬁwﬂ and in step (D3) we have p+v = (p+ LM, (v)) +

(v —LM;(v)). Therefore we have m = >_"_, 251:1 9ij figi; + p when the algorithm
stops. Moreover, in step (D3) a monomial is added to p only if it is of the form
cw LT, (f;)w' for some ¢ € K\ {0}, w,w’ € X* and i € {1,..., s}, which yields (2).

Claim (3) follows from LT T(gijfiggj) =LT,(v) <, LT, (m).

Now we prove (4). Let ¢ € {1,...,s} and j € {1,...,k;}. Since in the
corresponding step (D2) the index ¢ is chosen minimally, we obtain LT, (v) ¢
(LT7(f1), -, LT+ (fi=1), where LT+ (v) = ¢ ypargry 9i LT+ (f:)dl;-

Finally, suppose there exist other elements ((hi1,hy), ..., (hu,,RYy,), ..,
(hs1,he),- -, (ha,, b)) and p’ which satisfy conditions (1)-(4). Then we have

s l;
0= 21( 1gijfig§j - '21 hij fibi;) + (p —p').
i=1j j=

Now condition (2) implies that LT, (p — p') € (LT-(f1),...,LT-(fs)) and condi-
tion (4) implies that for each i € {1,...,s} the leading term of the corresponding
summand with respect to 7 is pairwise different from those of smaller index. Since
it is LTT(gijfiggj) > LT, (g figly,) for k € {j + 1,k;}, we obtain k; = [, and
p—p = gufigi —hufihiy = = gk figi, — Psk, filly,, = 0. O

ki

The vector p in the output of the above algorithm is called the normal remainder
of m with respect to G = (g1, ...,9s). We will denote it by NR, g(m).
DEFINITION 2.8. Let g,m € F,. and G C F..

(1) If there exists a term wie;w) € Supp(m) and elements we, wh € X* such
that wy LT (g)wh = wie;w), we say that g reduces m in one step to
m =m— mwggwé using the rewrite rule defined by g, and we denote

it by m 2, m’. Here ¢ € K is the coefficient of wie;wy in m.
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(2) The reflexive and transitive closure of Ug e 2, is called the rewrite re-

lation defined by G and is denoted by <. By <% we will denote the

. . .. g
reflexive, symmetric and transitive closure of 9eG

(3) An element m € F, is called irreducible with respect to -, if there is no
g € G and no m’ € F, \ {m} such that m -2 m’.

(4) A rewrite relation is called Noetherian if there is no infinite rewriting se-
quence. It is called confluent if for all m,my, mo € F,. such that m <, mi
and m £, mo there exists an element ms € F,. such that m, i»m:», and
mgiwng. It is called locally confluent if for all g1,9o € G and all
m,m1, Mo € F,. such that m-25m; and m -2 ms there exists an ele-
ment msz € F, such that m; i>mg, and mo i>m3. A rewrite relation
which is Noetherian and confluent is called convergent.

(5) Let I be an index set, and let G = {g; | i € I} C F, \ {0}. A pair (4,5)
such that 4,7 € I and i < j is called a critical pair of G if there are terms

wi, wi, wi, w; € X* such that w; LT, (g:)w; = w; LT-(g;)w}. The set of

all critical pairs of G will be denoted by B. For each pair (i,5) € B, we

call

Sij = L WiGiW; — o Wi G0
LC:(g) LC:(g;)

the S-vector of g; and g;.

PROPOSITION 2.9. Let G C F,.\{0}, let M be the two-sided submodule generated
by G, and let m € F,.. Then the following conditions are equivalent.
(1) The set G is a T-Grébner basis of M.

(2) The rewrite relation S s convergent.
(3) There exists a unique element NF. yr(m) € F, which is irreducible with

respect to T such that m EER NF; p(m). This element is called the normal
form of m with respect to T.

(4) We have m -0 if and only if m € M.

ProoF. First we prove (1) = (2). Since 7 is a well ordering, the rewrite
relation ~<+ is Noetherian. For the proof of confluence, let m, my, ms € F,. be such
that m iml and m <, mo. Then the element m; — mg € M is irreducible with

respect to i, and we have m; —mgo = 0, since G is a 7-Grobner basis of M. Now
the claim follows for mz = my = mao.

Next we show that (2) implies (3). Let m € F,. Since %, is Noetherian,
there exists an irreducible element NF, ps(m) € F, such that miNFT,M(m).
Moreover, for each m’ € F,. such that m-<m’ the confluence of —<» implies
m’ i>NF77M(m)

Now suppose that every element has a unique normal form. Let m € F,. be

G —
such that m — 0. Thus we have a sequence m Iy 2 gl mi_1 25 0 where
gi,---,9x € Gand mq,...,mp_1 € F,. for some k € N. This yields a representation

m = ZZ ciw;g;w; with ¢; € K\ {0}, and with w;,w] € X* for i =1,..., k. Hence

m € (G) = M. Conversely, every m € M can be written as m = Zfl Ciw; g;w;



COMPUTATION OF SYZYGIES OVER NON-COMMUTATIVE RINGS 7

inducing m 929 0 Now the claim follows from the uniqueness of NF; ps(m)

and from the fact that 0 is irreducible with respect to <.

Finally, we show the implication (4) = (1). So, let m € F,.. Using (4), we get
m -5 0. Thus there are elements gi,---,9k € Gand mq,...,mip_1 € M such that

g1 92 9k—1 gk . . . .
m—mq ——--- —> my_1 — 0. Since in each reduction step one term is replaced
by smaller ones with respect to 7 and since the sequence finishes with 0, there has
to be a point where the leading term of m is reduced. Therefore we have LT (m) =
w; LT, (g;)w} for some ¢ € {1,...,k}, and this shows LT, (m) € LT, {G}. O

At this point we can characterize Grobner bases in the following way.

THEOREM 2.10 (Buchberger’s Criterion).
Let G = {g; | i € I} be a (countable) set of elements in F, which generate a
two-sided submodule M = (G) of F,, and let B be the set of critical pairs between

elements of G. Then the set G' is a T-Gréobner basis of M if and only if S;; <0
for all (i,j) € B.

Proor. If G is a 7-Grébner basis of M then Proposition 2.9 yields m-50
for every m € M. Since the S-vector .S;; is contained in M for all (4, j) € B, this
implies S;; 0.

Now suppose that Sj; .0 for every critical pair (i,j) of G. By Proposition
2.9, it suffices to show the convergence of .. Since %> is already Noetherian, only
the local confluence of ~Z= has to be proved. Let m,mi,ma € F;. and g;,9; € G
be such that mLml and mLmQ. Thus we have m; = m — cw;g;w; and
mg = m—cjw;jgjw; for some ¢;, c; € K\{0} and w;, w, wj,w; € X*. First suppose
that w; LT, (g:)w; # w; LT, (g;)w}, w.lo.g. let w; LT;(gi)w; >; w; LT (g;)w}. If

j
w; LTT(gj)w;- ¢ Supp(w;g;w;) then we obtain an element mg = m — c;w;g;w; —

cjwjgjw§ such that my ng and mo ng. In the other case, the element
mg = m — cwg;w; — (¢j — #C("g_))wjgjw; where ¢ € K \ {0} is the coefficient of
T\9j

. . . g gi
w; LT, (gj)u)§ in w; g;w; satisfies the reduction sequences m; — mgs and mq —> m—

93

/ /

CW; g;w; — cjwjgjwj —ms.

!

Now suppose that w; LT+ (g;)w; = w; LT, (g;)w}.

. . . G
Ciw; giwh — cjwjgjw;» = ¢; LC;(g;)Si;, and our assumption implies mo — mq — 0.

Then we have my — m; =

Thus we obtain a reduction sequence ms — mgy giﬂng —my — cilwilgilwgl =
i gi . . .
flﬁw.-—k)fk = 0 with ¢;; € K \ {0}, with wij,ng € X* and with g;, € G
for 5 = 1,...,k. In this situation we have ¢;; = ¢}, — ¢| where ¢},c, are the
coefficients of w;, LTT(gil)u/g1 in m; and msy respectively. Considering the reduc-
tions my ﬂ>m1 — cjwi, gi,w;, = hy and my ﬂ>m2 — chw;, gi,w;, = hy, we get
fi = hi — hy. By induction on k, there exist elements hy,h) € M such that
mlihk, mgi>h§C and fr = h) — hy. Choosing mg = hy = hj yields the

confluence of < which concludes the proof. O
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This theorem enables us to formulate the following procedure for computing
Grdbner bases of two-sided modules. Since these Grobner bases need not be finite,
we have to content ourselves with an enumerating procedure.

COROLLARY 2.11 (Buchberger’s Procedure).

Let G ={g1,...,9s} C F, be a set of non-zero elements which generates a two-
sided submodule M C F,., and let G = (g1,...,9s). Consider the following sequence
of instructions.

(B1) Let B be the set of critical pairs of G and s’ = s.
(B2) If B =0, return G and stop. Otherwise choose a pair (i,j) € B using a
fair strategy and delete it from B.
(B3) Compute the S-vector S;; and its normal remainder NR; g(S;). If the
result is zero, continue with step (B2).
(B4) Increase s’ by one. Append go = NR. g(S;;) to G, and append {(i,s") |
1<i<s und (i,s) ist kritisches Paar} to B. Continue with step (B2).
This is a procedure which enumerates a tuple G of vectors forming a T-Grobner
basis of M. If M has a finite T-Grébner basis, it stops after finitely many steps
and the vectors of the resulting tuple G form a finite T-Grobner basis of M.

PROOF. We start by showing the correctness of the procedure. By Proposition
2.10, it suffices to show that, for every critical pair (7, j) which is appended to B at
some point in the procedure, the corresponding S-vector reduces to zero. Let (i, j)
be such a pair. Since we choose the next pair by a fair strategy in step (B2), the
pair (4,7) is chosen at some point. Either the element NR; g(S;;) is zero, or it is
appended to G and the S-vector S;; reduces to zero afterwards.

If there exits a finite 7-Grébner basis G = {¢},..., 9.} of M, and if G is the
enumerated 7-Grobner basis of M then for each j € {1,...,k} the set G contains
an element g;; such that LT.(g}) = wLT;(g;;)w" with w,w’ € X*. By this we
obtain LT {M} = {wLT,(¢))w' | j € {1,...,k},w,w" € X*} C {wLT,(g;;)w’ |
je{l,.. k},ww € X*} C{wLT (g;)w' | i € {1,...,max{ir,...,ix}},w,w €
X*} CLT{M}. Hence {g1,..., Ymax{i1,....ir} s forms a 7-Grobner basis of M, and

therefore we have S;; 9,0 for all (i,j) € B after the procedure has appended the
element g ax{i, ,....ix} t0 G. Thus the set B is no longer enlarged and the procedure
stops after treating all pairs in B. |

Our last topic in this section is to clarify the connection between the Grébner
basis theory for two-sided modules developed above and the usual Grobner basis
theory for two-sided ideals in K[X*].

PROPOSITION 2.12. Let o be a term ordering on X*, and let I C K[X*] be a
two-sided ideal. Furthermore, let N be the two-sided submodule N = (x;eq — eyx; |
1€{l,...,n}) of F1, and let T be the module term ordering T = Pos — 0.

(1) The map 7 : Fi — K[X*] defined by w(e1) = 1 induces an isomorphism
of two-sided K[X*]-modules 7 : Fy /N — K[X*].

(2) Let I ={f1,...,fs). Then we have 7= (I) = N + {e1 f1,...,e1fs)-

(3) Let G be a T-Grébner basis of m=(I). Then the set m(Q) \ {0} is a o-
Grébner basis of 1.

PROOF. To prove (1), we observe that the map 7 is a homomorphism of two-
sided modules (see Proposition 2.2). Since 7 is obviously surjective and since
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Ker(r) 2 N, it suffices to show Ker(n) C N. Let m € Ker(n) \ N be such
that m has minimal leading term with respect to 7. We write m = 22:1 wiew;
with ¢; € K \ {0}, and with w;,w} € X* for i = 1,...,l. W.Lo.g. let wieqwj be

the leading term of m with respect to 7. Since we have 7(m) = 22:1 wiw, = 0,

7
there exists an index j € {2,...,l} such that wiw; = w;w}. Thus m' = m —
ciwieiw] + crwjejw; is also an element of Ker(r), but is not contained in N,
since we have ciwieqw| — cleelw;- € N. This contradicts the choice of m, since
LT, (m') <; LT, (m).

Next we prove (2). By (1) we know that Ker(w) = N, and therefore we get
(N + (e1f1,...,e1fs)) = 7({e1f1,.-.,e1fs)) € I. To show the other inclusion,
let m € 7=*(I). Then we can write 7(m) = >_;_, > jen Cijwij fiwi; with ¢;; € K,
and with wij,wz’-j € X*fori=1,...,s and for all j € N where all but finitely
many of the elements c;; are zero. Then the kernel of 7 contains the element m —
iy > jen Cijwijer fiwi;. Now we conclude m € Py > jen Cijwijer fiwi; + N C
<elf17"'761fs> +N.

For the proof of (3), we first show that we have LT, (w(m)) = m(LT,(m)) for
every m € Fy \ {0}. Let m € Fy \ {0}, and let wie;w] be the leading term of m
with respect to 7. For every term ¢t € Supp(w(m)) such that ¢ # wyw] there exists
a term wgeqwf) € Supp(m) having the image m(wqeqwj) = t. Then the fact that we
have 7 = Pos — ¢ implies 7(LT,(m)) = wiw] >, wow} = t.

Now let G be a 7-Grobner basis of 771(I), and let f € I\ {0}. Again we

write f = 3771 > o Cijwij fiwj;. Then the element f = 377, 37 cijwijer fiw];
is contained in (eyfi1,...,e1fs) and satisfies W(f) = f. Since we have w;je; —
etw;; € N, we obtain another element f = Zle ZjeN cijelwijfing e 7 1(I).
Here we let e;W be the leading term of f with respect to 7. Since G is a 7-Grébner
basis of 77!(I), there exist elements ¢ € G and w,w’ € X* such that LT,(f) =
wLT,(g)w’. This yields w = 1 and LT, (g) = e;w” for some w” € X*. Hence we
have e;w = e;w”w’ and LT, (f) = LT, (7 (f)) = 7(LT,(f)) = w"w’ = 7(LT,(g))w’
= LT, (m(g))w’. Now the claim follows from 7(g) € m(G) \ {0}. O

3. Elimination and Component Elimination Modules

In the following we let L be a subset of {1,...,r}, and we let E, denote the
free two-sided K[X*]-module generated by {e; | i € {1,...,r}\ L}.

DEFINITION 3.1. Let M C F, be a two-sided submodule. A module term
ordering 7 on T(F,) is called a component elimination ordering for L if every element
m € F,\ {0} such that LT,(m) € F, is contained in F}.

The two-sided submodule M N ﬁr of ﬁr is called the component elimination
module of M with respect to L.

EXAMPLE 3.2. Let ¢ € {1,...,7}, and let L = {1,...,4}. If To is a term
ordering on X™* then the module ordering 7 = PosTo is a component elimination
ordering for L. Namely, let m € F,. \ {0} be such that LT, (M) = wie;w] € F,.
Then every term ¢ = weepw}y € Supp(m) satisfies ¢ <, LT, (m). This implies k > j,
and we conclude that t € ﬁr and m € ﬁr.

The following theorem shows how one can compute component elimination

modules. In fact, it yields a Grobner basis with respect to the restriction to ﬁT of
the given component elimination ordering.
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THEOREM 3.3 (Computation of Component Elimination Modules).
Let M be a two-sided submodule of F,., let L C {1,...,r}, and let T be a
component elimination ordering for L. Furthermore, let G be a T-Grébner basis

of M, and let T be the restriction of T to T(F,). Then the set G=GnE isa
T-Grébner basis of M N F,..

PROOF. Let m € (M NE,)\{0}. Then we have LTy(m) = LT, (m) € LT, {M}
because 7 is the restriction of 7. Since G is a 7-Grobner basis of M, there exists an
element g € G such that LTp(m) = wLT,(g)w’ for some w,w’ € X*. But then we
have LT, (g) € ﬁr, and the assumption that 7 is a component elimination ordering
for L yields g € F,, ie. ¢ € G = GN E,. Now the fact that LT,(g) = LTp(g)
concludes the proof. O

Generalizing the methods and results of M. Caboara and C. Traverso, we first
show how one can compute the intersection of two two-sided submodules of F;.
using component elimination. In the following let F5, denote the free two-sided
K[X*]-module with canonical basis {e1,...,€r,€r11,..., €2}

PROPOSITION 3.4 (Intersection of Submodules).

Let M and N be two-sided submodules of F., let {g1,...,9s} be a system of
generators of M, and let {h1,...,hi} be a system of generators of N. For every
m € F,., let m denote the corresponding element in Fs,.. Finally, for every hy =
Yoy > jen Cijwijewy; let hy = Sy > jen CijWijertiwy;, and let V be the two-
sided submodule of Fy, generated by {gy,...,Gs,h1 — h},...,he — h}}. Then we
have

Vﬁ<€T+1,...,€2T>gMﬂN.

PROOF. We consider the homomorphism ) : ﬁgT = (€rq1,-..,69.) — F,.
defined by v¥(e,+;) = e; for i = 1,...,r. The restriction ¢ of ¥ to V' N B, is
obviously an injective homomorphism. Therefore it remains to show that Im(y) =
M N N. For every m € M NN we can write 70 = > ;) >~ ey bijvi;g;v};, but also
m = 25:1 ZjeNcijwijEing with b;;,c,; € K, and with vij,vgj,wkj,wjfj e X*
fori =1,...,s, for k = 1,...,t and for all j € N where all but finitely many
of the b;; and ci; are zero. From this we get m € V and the element m =

Sty Y jen cijwighiw]; € Fa, such that m/ = Y1y 3oy eijwi (b — hi)wl; +
S, Y jeN cijwijhiwi; € V. Thus we found an element m’ € V N Fy, satisfying
p(m') = m.

Conversely, let m € V N Fy,, ie. we have m = iy > jen bijvijgivi; +
Sict Y jen ijwis(hi — hi)w;. Applying ¢ yields @() = 27_) 3 en bijvijgivly,
and we get o(m) € M. Furthermore, since 7 is contained in Fy,, we also have
Py > jen bijvijgivi; + 22:1 > jen cijwijﬁing = 0. Consequently, this implies
p(m) = =31, > jen Cijwighiwi; € N. Altogether, we conclude that Im(yp) =
M N N and obtain the claim. O

Another application is the computation of two-sided syzygies of a tuple of
vectors. More precisely, we want to compute the two-sided syzygy module which is
defined as follows.
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DEFINITION 3.5. Let Fs be the free two-sided K[X*]-module generated by
{e1,...,es}, and let G = (¢1,...,9s) be a tuple of vectors of F,.. The (two-sided)
syzygy module of G is defined as the kernel of the homomorphism A : F;, — F,.
given by €; — g; for i =1,...,s. We will denote it by Syz(G).

The computation of two-sided syzygy modules is based on the following propo-
sition. Let F,,s be the free two-sided K[X*]-module generated by {ei,...,er45}.

PROPOSITION 3.6. Let G = {g1,...,9s C F.\ {0}, let G = (g1,...,9s), and
for every m € F, let m denote the corresponding element in F,.s. Let U be the
two-sided submodule of F1s generated by {g; —er41,...,Gs—€rts}. Then we have

un <6T+1a ceey er+s> = Syz(g)

PRrOOF. We consider the homomorphism  : E.,rs = {erg1,.-,€rps) — Fy
given by e,4; — ¢g; for i =1,...,s. Again we obtain an injective homomorphism ¢
by restricting ¢ to U N F,;,. Therefore it suffices to prove that Im(¢) = Syz(G).
Let m = Y77_1 3y Cijwijeiwy; be an element of Syz(G) with ¢;; € K, and with
éj € X* fori =1,...,s and for all j € N where all but finitely many of
the elements c;; are zero. Then the element m = Y7, Z]EN cijwijer+iw§j =
iy EjeN CijWijG;wi; — Sy ZjeN cijwij(g — eryi)wy; is contained in U N Fyg,
and it satisfies p(m) = m.

Now let U N F,44 contain the element m = Y ;_, ZjeN cijwijer+iw§j. Then

we have A(p(m)) = >7_, 2 jen CijWiigwi; = > 2 jen CijWii (9 — €rvi)wi; +
S Z]EN cijwijer+iw§j € U. Moreover, none of the free generators e, ;1,..., €45
appears in the representation of A(¢(7)). Since U is generated by the elements
{G1 —€rt1,---,G5 — €rts}, this implies A(p(m)) = 0. Hence we get p(m) € Syz(G).

0

Wsj, W

Using the result of the above proposition, we are able to formulate the following
procedure for the computation of the syzygy module of a tuple of vectors in F..

THEOREM 3.7 (Computation of Two-Sided Syzygy Modules over K[X*]).

Let G ={g1,...,9s} C F.\{0} and let G = (¢1,...,9s). Let ¢ : Frpy — F
be the homomorphism defined by e,y; — ¢; fori =1,... s, and for every m € F,
let v denote the corresponding element in F,.s. Consider the following sequence
of instructions.

(1) Choose a component elimination ordering T for L = {1,...,r} on T(Fyr4s).
(2) Compute a T-Grébner basis G of the two-sided submodule U = (g; —
€r41,--- agﬁ - er+s>A0f Fr+s- .

(3) Compute G = GN Fris. Return o(G) and stop.
This is a procedure which enumerates a T-Grébner basis of the two-sided syzygy

~

module Syz(G) of G where T is the restriction of T to T(Fyys).

ProOOF. By Proposition 3.6, the two-sided module U N ﬁrJrs is isomorphic to
Syz(G). Since UNF,, is also the component elimination module of U with respect
to L, Theorem 3.3 implies that the set G computed in step (3) of the procedure
forms a 7-Grébner basis of U N Fiy,, i.e. the set o(G) is a 7-Grobner basis of

Syz(G). O
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Combining the results of Proposition 3.4 and of Proposition 3.6, we obtain
a procedure for computing the intersection of two syzygy modules based on the
following proposition.

PROPOSITION 3.8. Let G = (g1,--.,9s), H = (h1,...,hs) € FS, and for every
m € F, let m denote the corresponding element in Foryos. Furthermore, for every
hi = ZZ=1 Z]EN cl-jwl-jeiwéj let h/ = Z;:l ZjEN cijwijerﬂw;j € F2r+25, and let U
be the two-sided submodule of Far o5 generated by {Gy — €2r41,- -+ Gy — €2rts, B} —
€2r 41 — €2rtstls---, Ny — €2p4s — €2r425 ). Then we have

U N (€2rts41s---»€2r125) = Syz(G) N Syz(H).

PrRoOOF. We let ﬁ2r+23 = (€2r4s+1,---,C€ar+2s) and consider the homomor-
phism ) : Fop 0 — Fs given by egpys4i — €; for e =1,...,s. We will show that
Syz(G)NSyz(H) equals the image of ¢ where ¢ is the restriction of ¢ to UN Fayyas.
Since ¢ is obviously an injective homomorphism, this fact will conclude the proof.

First let m = Y77 -y cijwijeiwy; be an element of Syz(G) N Syz(H) with
cij € K, and with w;j,w;; € X* for i = 1,...,s and for all j € N where all but
finitely many of the ¢;; are zero. The element m' = >7_; ZjeN CijWij€2rts+iWi;
is contained in F5,. o5 and satisfies p(m’) = m. Moreover, we can write m’ as
m' =301 D sen Cijwig (I — earqi)wi; — 30011 e Cijwig (R — €2y — arpsti) Wy
where the second summand is an element of U. Since we have m € Syz(G)NSyz(H),
the first summand is equal to Y ;_; > jen CijWij(g; — e2rti)wi; € U. Hence m' is
already contained in U.

Now we let m = Zle ZjeN cijwijegr_s_s_s_iw;j be an element of U N Fy,42,. The
jen CijWij (b} — egrﬂ»)w;j eU. Uging the fact that U
contains the element Y >, > jen CijWij (G;—e2r+i)wi;, We get > > jen Cijwij(hi—
§i)w§j € U. Since none of the generators eg,y1,...,€2,12s appears in this sum,
we must have doim1 2 jen Cigwi (R — gwi; = 0, le. 30, %oy cijwighiw; =
Dim1 2 jen CijWig;wi;. Now, from the facts that we have g; € (e1,...,e,) and
R} € (er41,-..,€2) fori =1,...,s, it follows that both sums are zero. Hence the
image of m under ¢ is a two-sided syzygy of G and of H. O

above equation yields Y7, >

In the same way as in Theorem 3.7, we obtain a procedure for computing the
module of two-sided syzygies of tuples of polynomials instead of vectors. For this
purpose we need a condition equivalent to Proposition 3.6.

PROPOSITION 3.9. Let G = {g1,...,9s} C K[X*]\ {0}, let G = (91,.--,9s),
and let U be the two-sided submodule of Fyy1 generated by {e191 — ea,...,e19s —
€st1,L1€1 — €1X1,...,Tne1 — e1Zy,}. Then we have

Unles,...,esr1) = Syz(G).
PrOOF. In analogy to the proof of Proposition 3.6, we consider the injec-

tive homomorphism ¢ : U N Fsy1 — Fy given by ¢(e;41) = ¢; for i = 1,...,s
and show Im(yp) = Syz(G). First we let m = >0, > jen Cijwijeiwi; € Syz(9)
with ¢;; € K, and with wij,ng € X* fori=1,...,s and for all j € N where

all but finitely many of the elements c;; are zero. Again we have the element
m=>y._ > jen CijWij€ip1Wi; € F.;1 such that ¢(m) = m. Now we can write m =
Dy > e CijWije1giwy; — Dy > jen Cijwij(e1gi — eiy1)w); where the right sum-
mand is contained in U. The left summand is equal to >_7_, EjeN cijel wi]‘ging +
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> Z]EN cij(wijer — elwij)ging. Here the second summand is again contained
in U because w;je; —ejw;; € N for i =1,...,s and for all j € N. And since we
have m € Syz(G), the first summand equals zero. Altogether, we conclude that

mMeUNF.
Now let U N F,4q contain the element m = >0, ZjeN cijwijei+1w§j, and let

m’ = Zle ZjEN cijwijelging. Then we get )\(cp(m)) = Zle ZjEN cijwijging =
m(m'). If we write m/ as m’' =m + 37, >y cijwij(e1gi — eir1)w;, we see that
m’ € U and even m’ € N, since none of the generators eg, ..., esy1 is contained
in the representation of m’. Thus, by Proposition 2.12 (1), we deduce A(p(T)) =

w(m') = 0 and therefore p(m) € Syz(G).

COROLLARY 3.10. Let G = {g1,...,9s} € K[X*]\ {0}, let G = (91,..-,9s),
and let ¢ : Fs11 — Fy be the homomorphism defined by e;41 — €; fori=1,...,s.
Consider the following sequence of instructions.

(1) Choose a component elimination ordering T for L = {1} on T(Fst1).

(2) Compute a T-Grobner basis G of the two-sided submodule U = (e1g1 —
€2,..., 619/5\ — €5+1,/1\]161 —€1T1,... ,/.’f‘nel — €1$n> OfFS+1.

(3) Compute G = GN Fgy1. Return o(G) and stop.

This is a procedure which enumerates a T-Grobner basis of the two-sided syzygy

~

module Syz(G) of G where T is the restriction of T to T(Fsi1).

PROOF. The claim is a direct consequence of Theorem 3.3 and Proposition
3.9. O

4. Two-Sided Syzygies over Residue Class Rings of K[X*]

In this section we let I C K[X*] be a two-sided ideal, we let Gy = {f1,..., fi}
be a o-Grobner basis of I, and we let R = K[X*]/I. First we give a short intro-
duction to Grobner basis theory of two-sided R-submodules of the free two-sided
R-module F, = @_, R™. For this purpose we generalize the theory of prefix
Grobner bases of K. Madlener and B. Reinert.

In the following we denote the residue class of an element f € K[X*] in R

by f. Since G is a o-Grobner basis of I by assumption, the rewrite relation IR
convergent (see Proposition 2.9). Therefore every element in K[X*] has a unique
normal form. Hence we let a residue class f € R always be represented by an

irreducible element f € K[X*] with respect to S,

Now we let T(R) = {w | w € X*,w irreducible with respect to &} denote
the set of all terms in R. The product of two terms wy,wy € T(R) will be written
as wiwsy and the concatenation of the corresponding elements in K[X*] as wq - ws.
Moreover, we will denote the identity in K[X*] by =.

In order to define a Grébner basis we need a module term ordering on T(F,.).
But in our setting we can have wtiw’ >, wtyw’ for terms ti,ty € TI‘(FT) and
w,w’ € T(R) where ¢; <, t3. Therefore we use rewrite relations to introduce
Grobner bases. Then for elements m,g € F, we have to decide whether there
exists a term ¢ € Supp(m) such that ¢ = w LT, (g)w’ for some w,w’ € T(R). Since
this is not solvable in T(R), we consider ¢ = w - LT, (g) - w’ instead of the equation
t =wLT,(g)w’ in analogy to the theory of prefix rewriting,.
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DEFINITION 4.1. Let gom € F,, and let G C F,. If there exists a term
wre;w] € Supp(m) and elements wy, w) € T(R) such that wy-LT,(g) w) = wye;wi,
we say that g reduces m in a two-sided reduction step to m’ = m — ﬁwggwé,
and we denote it by m —g>* m’. Here ¢ € K is the coefficient of wye;w) in m.

The reflexive and transitive closure of | e —g>* will be denoted by —G>* and

. . " G
the reflexive, symmetric and transitive closure by «—..

For every two-sided reduction step, we have LT.(m) >, LT, (m’') because of
the following lemma.

LEMMA 4.2. Letm = 22:1 ZjeN cijwijeiﬁgj be a non-zero element of F,. with
cij € K, and with m-j,w;j € T(R) such that w;; and w;; are irreducible with respect
to 9L fori=1,...,7 and for all j € N. Furthermore, let Wiexw) be the leading
term of m with respect to T, and let w,w’ € T(R) be such that wwy and wiw' are

irreducible with respect to C1, Then we have

w-LT,(m) -w =wLT,(m)w = LT, (wmw').

PROOF. Since ww; and wjw’ are irreducible with respect to ﬂn we already
know w - LT-(m) - w' = wLT,(m)w’. Moreover, for every term t = wWaewy €
Supp(m) we get Wtw' <, w-t W = wweeywiw’ <, wwiepwiw’ = Wwrerwiw’.
We deduce that every term in wmw’ is smaller than or equal to w LT, (m)w’ which
concludes the proof. O

For every subset G of F,. the rewrite relation —G>* is again Noetherian. How-

ever, it is not true that m<—G>* 0 for every element m of the two-sided R-module
generated by G. Hence we define a Grobner basis in the following way.

DEFINITION 4.3. Let M be a two-sided R-submodule of F,. A set G C M is
called a (two-sided) Grobner basis of M if the rewrite relation —S,, is confluent

and if we have m<—G>* 0 for all m € M.

The following proposition shows that two-sided Grobner bases defined in this
way share many of the nice properties of normal Grébner bases.

PROPOSITION 4.4. Let M be a two-sided R-submodule of F,, and let G C M.
Then the following conditions are equivalent.
(1) The set G is a Grébner basis of M.
(2) Every non-zero element m € M can be written as m = Zle ciw; g;w; with
¢; € K\ {0}, with w;,w] € T(R) and with g; € G such that LT (m) >,
w; - LT, (g;) - w} >7 LT (wigw}) fori=1,...,k.
(3) We have LT {M} ={w-LT,(9) - w' | g € G,w,w" € T(R)}.

PrOOF. First we prove (1) = (2). For every m € M \ {0} we have m <5, 0,
since G is a Grobner basis of M. From the facts that zero is always irreducible and
that the normal form of an element is unique we can even conclude that m —G>* 0.
Thus we can write m as m = Zle ciw;g;w; with ¢; € K\ {0}, with w;, w] € T(R),
and with g; € G fori =1,..., k. But then we already have LT (m) >, w;-LT,(g;)-
w; = LT, (w;g;w}).
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To show that (2) implies (3), we assume that m € M has a representation as in
(2). Then there must be an index i € {1,...,k} such that LT, (m) = LT, (w;g;w}).
By Lemma 4.1, we obtain LT (m) = w; - LT, (g;) - wi.

Finally, we prove the implication (3) = (1). Let m € M \ {0}. By condition
(3), there exist elements wy,w] € T(R) and ¢1 € G such that LT, (m) = w; -
LT, (g1) - w}. The corresponding two-sided reduction of m by ¢; yields an element
my = m — Eg:ég;wlglwi € M where LT, (m) >, LT,(mq). If m; is not zero,

we find another element gy € G which reduces m; in a two-sided step to my € M.

Again we have LT (mq) >, LT, (m2). Since the rewrite relation —G>* is Noetherian,

this can be done only finitely many times. Hence we obtain elements g1,...,9; € G
and mq,...,m; € M such that m -2, m; -2, --- -2, m;. Now my is irreducible

with respect to *C'l* This implies m = 0, i.e. m —G>* 0. The confluence of —G>*
follows in the same way as in the proof of Proposition 2.9. (]

The computation of the two-sided syzygy module of a tuple (gy,...,75) € R®,
which is again defined as the kernel of the homomorphism \ : Fy — R, g; — g;,
consists of two steps. First we compute the corresponding syzygy module over
K[X*] by Corollary 3.9. Then we project the result to our setting via the following
mapping. The canonical surjective homomorphism 7 : K[X*] — R, f + f induces
a homomorphism 7 = n ®x n : F; — F; of two-sided modules which can be
extended to the free K[X*]-module F generated by {e1,...,e5}. In the following
we let ¢ : F,1; — F, be the homomorphism given by Zfz ZjeN cijwijeing —
Zfi;_l jen CijWijei—sWi;. We still have R = K[X*]/I where I is the two-sided
ideal generated by {fi,..., fi}

PROPOSITION 4.5. LetG = (Gy,...,0,) € R, and letG = (g1,---,gs, f1,---» ft)
be a tuple in K[X*|*%t. Purthermore, let T be a module term ordering on T(Fyyt)
such that T is the restriction of T to T(F,) and such that we have e; >; €; for all
ie{l,...,s} and for allj € {s+1,...,s+t}. If G is a T-Grobner basis of Syz(G)
then ¥(G) \ {0} is a Grébner basis of Syz(G).

ProoOF. We start by showing ¥(G) C Syz(G). Let g be an element of G. We
can write g = Zfif jeN c,»jwijeing with ¢;; € K, and with wij,ng c X* for
i=1,...,5+t and for all j € N where all but finitely many of the c;; are zero.
Then we have >°7_, 2 jen Cij Wi giwy; +Z;té+1 jen CijWij fi—swi; = O;From this
we can see that ¢(g) = >_7_, ¢i;W;;g;w;; = 0 and therefore ¢ (g) € Syz(G).

Now let G' be a 7-Grébner basis of Syz(G), and let m € Syz(G) \ {0}. The
element m can be written as m = > ©_, ZjeN cijﬁijsiﬁ’ij with ¢;; € K, and with
Wi, wy; € T(R) for i = 1,..., s and for all j € N where all but finitely many of the
cij are zero. The equation Y27 | 37y ¢ijWi;g,w;; = 0 implies Y27 | 37 ¢ijWij -
g;-w;; € I. Thus there are elements b;; € K and v;j,v;; € X* fori =1,...,t and for
. o t
j € Nsuch that 377, 7 €ijWijG; Wi; = Y5y 2 je bigig fivy;. In other words,
we have > 7, ZjeN cijwijging - 25:1 ZjeN bijvijfivgj = 0. Hence the element
m =37 ZjeN cijwijsing — Zle ZjeN bijvij65+i/07/:j is contained in Syz(G) and
satisfies ¢¥(m’) = m. Since G is a 7-Grobner basis of Syz(G) and since the leading
monomial of m’ is a summand in the first sum, there exist elements g € G and
w,w’ € X* such that wLTz(g9)w’ = LTz(m’') = LT,(m). The claim is proved if
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we show the validity of the relation w - LT (¢0(g)) - W = LT, (m). Let LTz(m’) =
wjje;w;; for some i € {1,...,s} and some j € N, and let LT7(g) = wig;wz with

wy, w2 € X*. Since w;; and ng are irreducible with respect to ﬂn the elements w;
and wy are also irreducible. Thus we have LT (¢(g)) = ¥(LTz(g)). Now the claim
follows from LT, (m) =w -LTz(g) - w' = w-¢(LTx(g)) - w' =w-LT,(¢(g)) - w'. O

Finally, by combining the preceding results we obtain the following procedure
for computing the module of two-sided syzygies of a tuple of elements of R.

PROPOSITION 4.6 (Computation of Two-Sided Syzygy Modules over R).

LetG = (gq,-.-,9,) € R®, and let U be the two-sided K[X*]-submodule of Fy,1
genemted by {6191 —E&2,...,E10s—Es+1, <€1f17 ey 51ft7 T1€1—E1T1,...,TnpE1 _513:71}-
Consider the following sequence of instructions.

(1) Choose a component elimination ordering T for L = {1} on T(Fs41) such
that T is the restriction of T on T(Fs).
(2) Compute a T-Grébner basis G of U.
(3) Compute G = G N Fypy. Return (G)\ {0} and stop.
This is a procedure which enumerates a Gréobner basis of the two-sided syzygy module
of G.

PROOF. First we prove that (U N Fuy1) C Syz(G). Let m € U N Fyopq.
Here we can write m as m = > ;_; ZjeN Cijwz'jgi_l,_lng with ¢;; € K, and with
wij,ng € X* fori =1,...,s and for all j € N where all but finitely many of
the ¢;; are zero. If we let m' = >0, ZjeN cijwijslging, we get the equation
m=m'-Y"_, ZjeN CijWij (glgi_ei_i_l)ng. Since the second summand is contained
in U, we also have m’ € U. Moreover, none of the generators €, ...,£511 appears
in the representation of m’. Thus m' is even an element of the two-sided K[X*]-
submodule of F,1 generated by {e1f1,...,61ft, 2161 —€121,...,2nE1 — €124}, and
we can write m’ asm/ = 22:1 ZjeN bijvijer fivy; +m” withm” € N, with b;; € K,
and with v;;,v}; € X* for i = 1,...,¢ and for all j € N where all but finitely
many of the b;; are zero. By applying the homomorphisms A and ¢ to m, we get
A (m)) = 3271 X jen i Wi §iwy; = m(m') = >ic > jen bijij fiU3; = 0. Hence
we can conclude that 1(m) € Syz(G).

Now we prove that the set ¢(G) is in fact a Grébner basis of Syz(G). By Theo-
rem 3.3, the set G computed in steps (2) and (3) is a 7-Grobner basis of U N Fy ;.
We take an element m € Syz(G) \ {0}, ie. m = >, > jen CijWij€iW;; with
cij € K, and with w;;,w;; € T(R) fori =1,...,s and for all j € N where all but
finitely many of the ¢;; are zero. Then the element m’ = 3;_, > jen CijWij€it1Wi;

is contained in ﬁ5+1 and it satisfies ¥(m’) = m. Again we can write m’ =
Doim1 2 jen CifWigE19iWi; =D iy D e CijWij (€19i—€i+1)w]; where the second sum-
mand is contained in U. The first summand equals Y ;_, > jen Cij€1Wij giwi; +
>y > jen Cij(wijer — erwij)giw;;. Since m is a two-sided syzygy of G, we get
Sl > jen Cijwijgiwy; € 1, ie. Py > jen Cij€1wijgiw; is an element of the
two-sided K[X*]-submodule (e1f1,...,e1f:, 2161 — €1@1,...,Tne1 — E12,) of U.
Altogether, we obtain m’ € U N ﬁs+1~ Thus there exist elements g € G and
w,w’ € X* such that LT, (m') = wLT (g9)w’. Let wie;wy be the leading term
of m’ for some wy,ws € X* and some i € {2,...,s+ 1}. Then w; and ws are
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irreducible with respect to S, by assumption. This yields LT, (m) = LT, (m') =
wLT, (9)w' =w- (LT, (9)) - w' =w-LT,(¢(g)) - w'. Therefore the claim follows

from ¢(g) € ¥(G) \ {0}. 0
For the next corollary we let ¢ : Fys o — F be the homomorphism given by
25+2 2s5+2

i=1 ZjeN Cij Wij€iW;j — Ei:s+3 jeN CijWijCi—s—2Wy;.

COROLLARY 4.7. Let G = (gy,---,95), H = (h1,...,hs) € R®, and let U be
the two-sided K[X*|-submodule of Fosyo generated by the set {e1g1 —€3,...,€19s —
€s42,62h1 —€3 —€sy3,. .., E2hs —sp2 —E2512,€1f1,. . €1 fr, €21, - €2 f, miEL —
E1X1y .oy TpE1—E1Tn, T1E2—E2X1, . . ., TnEa—Eay }. Consider the following sequence
of instructions.

(1) Choose a component elimination ordering T for {1,2} on T(Fast2) which
is also a component elimination ordering for {1,...,s+ 2} such that T is
the restriction of 7 on T(Fj).

(2) Compute a 7-Grébner basis G of U.

(3) Compute G =GN (543, ... 62542). Return (G)\ {0} and stop.

This is a procedure which enumerates a Grébner basis of the intersecton of the

two-sided syzygy modules Syz(G) and Syz(H).
PrOOF. The claim follows in the same way as in the proof of Proposition 3.8
using the idea of Proposition 4.6. O

At the beginning of this section we assumed that {f1,..., f;} forms a o0-Grobner
basis of the two-sided ideal I. This assumption can be replaced by a weaker con-
dition. It suffices that there exists a finite o-Groébner basis of I containing the set

{f1,-.., ft}, since we have Syz(g1,...,9s, f1,---5 ft) C Syz(g1,---,9s, [1,- - ft+u)
for all u > 0.

5. Applications

In this section we want to show that one can apply the above methods to solve
the Congugator Search Problem (CSP) in certain finitely presented groups.

PROBLEM 5.1 (CSP). Given a group G and two elements g, h € G which are
known to be conjugated to each other (i.e. such that there exists an element a € G
for which ag = ha), find a conjugator (i.e. find such an element a).

To this end, we make the following assumptions.

(1) The group G is finitely presented as a monoid by generators and rela-
tions. In other words, there exists a finite alphabet X = {z1,...,2,} and
an equivalence relation ~y which is the normal closure of finitely many
relations wy ~ wi,...,w; ~ w; such that G = X*/ ~yy.

(2) There exists a term ordering o on X* such that w; >, w} fori=1,...,t.

(3) The word rewriting system v, generated by w; v, wi fori=1,...,tis
convergent, i.e. it is terminating and confluent.

w . .
Thus we can use — to present the residue class of a word w € X* in G

uniquely by its normal form NFy (w). In particular, we can use W, to solve the
word problem in G. In the following, we shall frequently identify elements of G
with the normal form of words representing them. For elements w,w’ € X* we
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denote the product of their images in G by ww’. Their product in X*, i.e. their
concatenation, will be denoted by w - w’. Equality of elements in G will be denoted
by = while for equality of words in X* we will use the symbol =.

Finally, we let K be an arbitrary field.

REMARK 5.2.
(1) The group ring

k

K[G] = {Zciwi | k> 0,c; € K\{O},wl S G}

i=1

satisfies K[G] = K[X*|/I where K[X*| is the non-commutative polyno-

mial ring and I is the two-sided ideal in K[X*] generated by {w; — w] |
i=1,...,t}

(2) The elements {w; —w; | i = 1,...,t} form a two-sided o-Grdbner basis
of I. In particular, I is a binomial ideal.

(3) Let w,w’ € X* be words representing conjugated elements in G. The so-
lutions of CSP correspond uniquely to the two-sided syzygies of (w,w’) €
K[X*]? of the form ae; — ea where (£1,¢2) denotes the canonical basis
of the free two-sided K[G]-module of rank two and where a € G.

To compute this syzygy module, we can use Proposition 4.6. Hence the re-
maining task is to find an element f of the form ae; — €2a in this module. This
task can be solved as follows.

PROPOSITION 5.3 (The Conjugator Search Algorithm).
In the setting described above, let w,w' € X* be two words representing conju-
gated elements of the group G. Consider the following sequence of instructions.

(1) Let Fg be the free two-sided module of rank 6 over K[X*|. In Fg form

the two-sided submodule U = (eqw — e3,61w’ — 4,60 — €3 — €5,69 +
/ I ’ /

€4 +56,€1(w1 — ’Ll}l)7 . ,61(11),5 — wt),ag(wl — wl), . ,Eg(wt — wt),:clel —

E1T1y. .y Lp€El —E1Xp,L1E2 — EQXL Ly .., TpEQ — €2$n>.

(2) Choose the following module term ordering T on Fy:
for ty,t],ta, th € X*, let
tleit/l > tgejté <~ 1<jor
(i=7 and t} >, t}) or
(i=7 and t}, =ty and t; >, t2).
Compute an interreduced two-sided T-Grébner basis 2 von U.
(3) In 2, there exist elements whose leading term is of the form t;es where
t; € X* is the normal form with respect to W, Return the words t; and
stop.
This is an algorithm which solves the conjugator search problem in G.

PROOF. Tt is clear that the module term ordering 7 defined in step (2) is an
elimination ordering for both L = {1,2} and L' = {1,2,3,4}. Hence Corollary 4.7
shows that the elements of 2N (e5,e6) form a Grébuner basis of the intersection of
SyZK[G] (w, ’lU/) and SyZK[G] (1, *1)

By assumption, there exists a word a € X* representing a conjugator such that
aw = w'a. Hence a5 — g¢a represents a syzygy in Syzgq;(w, w’) and is contained
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in U. In particular, there exists an element u € A whose leading term is of the form
LT, (u) = tes with ¢ € X*. Since the elements (w; — w})es are all contained in U,

we may assume that the word ¢ is in normal form with respect to W,

Now observe that the proof of Proposition 3.8 (and then of Corollary 4.7)
shows that one can consider the computation of Syzy g (w,w") N Syzg (1, —1)
as the composition of the computation of the two individual syzygy moduls using
Theorem 3.7 with the computation of the intersection of two submodules using
Proposition 3.4. For all three Grobner basis computations, we start with a system
of generators consisting of binomials. Hence also the computed Grobner bases
consists of binomials. Consequently, the element u € 2 found above is of the
form u = tes + besc or u = tes + b'egc’. In the first case, the definition of 7
yields ¢ = 1 and ¢t >, b. This contradicts the fact that we assumed ¢ to be in

normal form with respect to . Therefore only u = tes + b'egd is possible.
Here u € Syzgg)(1,—1) yields ¢ = V'¢’. Hence the element a = (b')~1t satisfies
acs —cga = (V)" lu € Syz(g)(w,w'). Thus the word a € X* represents the desired
conjugator.

Let us recall that the computation of the Grobner basis necessary in step (2) is
an enumerating procedure. After a new Grobner basis element has been found and
fully interreduced, we can check whether it has the shape required by step (3). Since
we assume that w and w’ are conjugates, a suitable element u will be discovered
eventually, i.e. our instructions can be performed in such a manner that they define
an algorithm. ([
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